CSDL-R-2261

A SEARCH-BASED APPROACH TO
STEERING SINGLE GIMBALLED CMGS

by
Joseph A. Paradiso

August 1991

Approved for public release;
distribution unlimited.
NASA-JSC 3/6/91

RAPER©

LABOFIATOFIY

The Charles Stark Draper Laboratory, Inc.
555 Technology Square, Cambridge, Massachusetts 02139-3563




A Search-Based Approach
to Steering
Single Gimballed CMGs

by

Joseph A. Paradiso

C.S. Draper Laboratory, Inc.

CSDL-R-2261




CSDL-R-2261

A Search-Based Approach to Steering
Single Gimballed CMGs

By

Joseph A. Paradiso

August, 1991

ABSTRACT

Single gimballed ControlMoment Gyroscopes (SGCMGspare proposed astorque
actuators that can effectiveinswerthe attitude control requirements foture spacecratft.
The kinematic properties of SGCMGs are reviewed, existing steering laws are
summarized, andthe structure ofsingular surfacesare examinedfor a 4-CMG
pyramid-mountedarray. A guided depth-first searcthat manages null motion about
torque-producing trajectorieslculatedwith a singularity-robust (SR) inverse is proposed
as a practicaleedforward steering lathat can globally avoigor minimize the impact of)
singular states in minimally-redundant SGCM@&tems. Cosind heuristic functions are
defined to guide the search procedure in improving CMG trajectories.  On-orbit
implementation of the steering lawpsoposed as an extensionnmmentum management
algorithms. A series okimulation examples ar@resented,illustrating the search
performancdor a 4-CMG pyramid-mountedarray. Sensitivities of feedforwargimbal
trajectories are examined in the presence of unmodeitdrbances, antechniques are
proposed for avoiding excessive divergence."ugersmanual” appendix describes the
interactive Macintostsoftware package written tadefine, searclover, and investigate
SGCMG trajectories.
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1) Introduction

The next generation of manned and unmanned spacecraft[1] will require enhanced
control algorithms in order tefficiently achieve theirproposed mission objectives.
Regularly coping with uncertainties ithe orbital environment,dynamically changing
spacecraft configurations (via docking amaildup), nonlinear actuatoproperties, and the
need to tolerate potentibhrdware failures wilmandate development of control strategies
considerably beyondhe availablestate-of-the-art. Because difie priority placed on
minimizing cost, weightand consumable requirements, future spacecraft will not always
be able to rely on highly complex, multiply-redundant actuator systems (as is often now the
case),but must employ more flexible andtelligent schemeghat efficiently exploit all
availableonboard control capability. In otherords, costly actuator "muscle” may be
effectively replaced by simpler effectors with more control “intelligence".

Recent years have seen considerable advanc#®e impplication of computational
solutions to nonlinear contrgiroblems. Many of thesannovationsarejust beginning to
impact certairengineering discipline@.e. robotics[2]),but their application to spacecraft
remains largely unexplored. Rapid advances beingnade in computers and
microelectronics indicate that the capability of spacecraft computagisourceswill
continue to increase significantly, enabling onboanglementation ofsuch adaptive and
intelligent control algorithms.

The heuristic search[3] is one suchechnique thathas recently matured
considerably, spurred by a myriad of applications realized through advances in computation
hardware. Search-based approachage beenproposed forreal-time application in
solving various path-planningroblems. One such example is illustrated iRef. [4],
where an A* (A-star) search was applied to optimize an inter-goal "wayp@@ttory for
mission planning onboard a helicopter. Search technigteescurrently applied in (or
considered forseveral spacecraft applicationghe proposedMars Rover[5] may use



search algorithms to navigate semi-autonomoasipssMartian terrain. Ground-based
search procedures have already been used to realize fuel-optimal navigation for the Voyager
and Galileospacecraft[6]. An A* search h&en applied to determine obstacle-avoiding
trajectories for orbital spacecraft[7] and to dynamically optimize coatrdlactuator usage

for proposed hypersonic vehicles operating in an uncertain nonlinear environment|[8].

Many promising applications of search-based path-planning algoritheys be
found in addressingonlinear spacecraft attitude contmioblems. Calculating optimal
inverse kinematics of redundant actuators over glath&lide trajectories isne sucharea
where a search approach becomes tractahititude commands resulting from \aehicle
control scheme must be realized by a collection of onboard effectors. Future spacecraft will
often employ a diverse array @ictuators, most of whiclmay be subject tovarious
operational constraints antbmplicated optimizatiorcriteria. The demandingnission
scenarios proposed fdinese vehiclesuggestthat new algorithms thataddressactuator
nonlinearities and constrainisuch as arefficient global search) will be needed to
optimally specify actuator activity achieving the commanded vehicle response.

This study hasexamined methods of applying heuristic search techniques to
perform adaptablantelligent inverse kinematics and actuatmanagementor spacecratft
attitude control. In particular, Single Gimballed ContvtdmentGyros (SGCMGs)vere
chosen as torque actuatord/hile manyexisting algorithms may be adequébe steering
Double Gimballed CMG (DGCMGhrrays, such agnvisioned forthe NASA Space
Station, no powerfutechniques have been developed to mamagemally redundant
arrays ofSGCMGs. Thesedevices, howeverre ideallysuited as momentum-exchange
effectors for a wide class of futupacecraft because of their large torque output &
momentum capacity. They offer significant cost, power, weight reliability advantages
over DGCMGs, and could provide attitude confanl a variety of future orbital spacecraft
(torque requirements in mangroposed moderate-sized spacecraft wilurpass the
capability of available reaction wheels). Due to the complicated nonlinear mapping between
the input (gimbal) space and output (momentspgce, howevereffective steeringaws
that reliably avoid problematicsingular states have not been developed for
minimally-redundant SGCMG systems, discouraging their application inmany
situations[9]. In order to fully exploit the capability 8GCMGs, intelligent steerindaws
must be developethat addressthe system nonlinearities and avoid singular states over
global trajectories.

This effort has produced an effective steering algorithin5GCMGs usingsearch
techniques commonly applied solving trajectory optimizatiorproblems. Employing a
momentum profileassumed to be forecast bynaomentum management procedure (or



maneuver schedulere search-based steering law generates a set of feedfoywatvel
trajectories that avoidingular configurations (ominimize the effect ofany singularities
that are unable to evoided),while maintaininghard constraints ogimbal rates. While
the CMGs follow the prescribed trajectories, "avatchdog” regulator task nullgcal
disturbances and monitotse divergence of gimbal trajectori@®m their feedforward
values. Ifsignificant divergence is detected, the CMG planning algorithre-executed,
starting from the current gimbal/momentum state. Assuming limited disturihecEMG
search may only need to be performed up to a few timesrpgr For large, unscheduled
vehicle maneuvers, howevehe CMG search may be requiredrtm immediatelybefore
the maneuver igxecuted. In generalhe search algorithnas been seen toun fast
enough foreventual on-line implementatiorsatisfactory gimbal trajectories are often
obtained after only a few search trials.

Although feedforward techniques have been used to improve the performance of jet
selections[10], they have seldom (if ever) been applied to Gtd&s. By using alobal
planning algorithm of thisort as a feedforward CMG steeritew, one is effectively
uniting many aspects of the CMG steeripgpbcess with amomentum management
algorithm. In the current implementatidgwever, this uniomsn't complete. Both tasks
are still executed separatelye. the steering lawusesthe results ofthe independently
calculated momentum managemedotecast. Several advantages could beaped,
however, by fully combining the actuator trajectory plannith the momentum
managemen(i.e. solving both taskstogether as one large planniqpgoblem). The
minimally redundant SGCMG array is conjectured[11,12] tcexhibit unavoidable
singularities; i.e. gimbal paths starting from a given set of initial gimbal angles are unable to
attain particulamngular momentum states without encountering a singolafiguration.
The CMG search algorithm presented here will act in these casesirtize the impact of
the singular state;e. passpromptly through it while trying to keefmne momentunerrors
to a minimum. Ifthe searchprocess were alsable to accountor vehicle angular
momentum (i.e. as inmomentum management), thehicle attitude/momentum state
prediction could be adjusted and scheduled together thétifieedforward CMGgimbal
state such that singularities could, in general, be avoided.

In addition, the momentum envelope of a symme&MCMG array can bekewed
and distorted after a device failuteading to a limited actuation capabilégyong particular
directions. Under such conditions, a standamnentum management scheme may be
subject to severe control restrictions due to an assumption of spherical momentum capacity.
A search-based approach, howewenlld directly accountor the irregularshape of the
momentum envelope, leading to superior reconfiguration performance. The [semess



will certainly be complicatedvith the addition of the extra momentum aattitude
variables, but withthe introduction of clever heuristitinctions and constraints, such a
problem may be adequately satisficed well within a small fraction of an orbital period.

In order to determine the feasibility of such an approach, the effort discussed in this
report examines only search-based Ckt€ering. The extension of these techniques to
momentum management, however, is a promising topic for future research.

The inverse-kinematic"steering” problems posed by CMGs anobotic
manipulators are essentially identical, as illustratedRief. [13]. Because of this
correspondencemnany of the abundant algorithms and paradigms develfgoesbbotics
can be applied to CMG steering aadalysis. While search algorithms have alseen
applied to solve for nonlinear manipulator trajectories (i.e. Ref. [14]), many other powerful
techniques have been directesvard solving robotics problems. Two methdlist bear
considerable promiser CMG steeringare the application of genetadgorithms[15] for
determining global CMG gimbal trajectories, and tise ofneuralnetworks[16] tolocally
perform singularity-avoiding inverse kinematics. These technigoescurrently being
researched, and CMG results should be eventually forthcoming.

The feedforward gimbal trajectories produced by the search pradkebs realized
in the presence of unmodeléisturbances. The susceptibility of gimbal trajectories to
unknownsecular torques isxamined in thigeport. Incertaincases,particularly those
with CMGs approachinghe vicinity of asingular statesignificant divergence from the
feedforward pathcan occur, rapidly increasing after theingular encounter. Although
severalsuggestionare proposed foladequately dealing with thisituation, much fruitful
analysis remains to be performed on the stability of projected CMG gimbal trajectories.



2) Kinematics & Control of Single Gimballed
CMG Systems

2.1) Background

Control Moment gyros are momentum exchange actuators thahsist of a
constant-rate flywheel mounted on a gimbal (or set of gimbals). By torquing the gimbal(s),
the flywheel orientation i€hangedthereby re-directing theotor's angular momentum.
The net momentum stored in a CMG array onboard a spacecegfiatto the vector sum
of all CMG rotor momenta. As individuajimbal angles arevaried, the net CMG
momentum may becontinuously anddeliberately adjusted.  In accordance with
conservation of angular momentum, any change in stored @\M@entum must be
transferred to the host spacecraft. The instantaneous torque applied to the spacecraft by the
CMG array is likewise a vect@um, with aterm for eachCMG, weighted by itsgimbal
rate. CMG kinematics are briefly introduced ithis chapter;for a more involved
discussionseeRef. [17]. Gimbal acceleratiotorques, stictionand higher order CMG
effects are ignored in this analysis; for a detailed dynamic treatment, see Ref. [18].

Thetwo standard CMGarieties are depicted Higs. 1and 2. Fig. 1 shows the
single gimballed device. From the hardware viewpoint, thisessimplest type oc€EMG.

The rotor is constrained to rotate owriile in a plane normal to the gimtmtis/c\f , hence

the orientation of its angular momentum vector is spectfiedughthe gimbal angled.
Single gimballedCMGs produce "torque amplification”, whereredatively small torque
needed along the gimbakis to overcomehe gimbal and flywheel inertiagroduces a
much larger torque across the gimbal mount (hence directly into the spacecraftjaisrthe
turns. Modern unitsare equippedavith slip rings, enabling the gimbals tturn endlessly
without encounteringtopsthat limit angularexcursion. SGCMGgenerally are able to
operate with larggimbal ratequnits exist[19] with peak rates in excess of 1 rad/sec) in
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Figure 1: Single Gimballed CMG

order to exploit the amplification principle and couple larggques into a spacecraft.
Because of the restricted freedom per deyiee torque & momentum constrained to a
fixed plane), optimal inverse kinematics (termetdCMG steering”) can be extremely
complicated. A major application for SGCMGs is in situations where high torque output is
needed about specifiaxes, thus a "scissorgmhir" configuration[20] can be adopted,
SGCMGs aren'generallyused tomaintainsimultaneous 3-axis control without excessive
restriction or actuator oversizing.

Double gimballedCMGs (DGCMGs;Fig. 2) are considerably easier tse. The
rotor is suspended inside two gimbals (Fig. 2 showtadard "Eulemount”), hence the
rotor momentum can be oriented osphere,along any directioffassuming naestrictive
gimbal stops);they are not subject to the planar restrictionS@CMGs. The torque
amplification advantage is effectivelyst, howeverpecause there is nthard mount” to
the spacecraft. Torque produced by driving one gimbal must generally be transferred to the
spacecraft by backdriving ttether. Double gimballedCMGs are generally significantly
heavier, consumenore power, are considerably moreomplicated(thus potentially less
reliable), and appreciably more expensive than single gimbd#ettes. The steering
problem is muchsimpler, howeverpecause of the extra degree of freedomdmsice,
DGCMGs can be easily managed by simple steetawgs exploiting specific mounting
protocols[21], pseudoinverse approaches[22]imear programming[23]. Their main
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Figure 2: Double Gimballed CMG

application is in the momentum management of laggcecraft[24,25,26], wheresat of
flywheels carrying copiousmomentum are lazily gimballecabout, nulling small
environmentakorques overeach orbitand cyclically exchanging significant amounts of
angular momentum. DGCMGs were used to control Skylab attitude[2drapdoposed

for use onboard the planned NASA space station, where devices have been baselined[28] at
roughly 4000 ft-Ib-sec rotor momentum and 5 °/sec peak gimbal rate.

Because of their myriad hardwaselvantages, consideration 8 GCMGs has
begun to erodé&raditional DGCMG applications;e. attitude control of largespacecraft.
Examples are the Soviet MIR spagtation,stabilized by a &GCMG array[29] onboard
the KVANT astrophysics module. SGCMGs weaitso seriously considered for the
NASA spacestation[30], buteventually lost toDGCMGSs[9]. Because current steering
laws experience difficulty avoidingingularities, thesS8GCMG systems must lgrossly
oversized toplace allunescapable singular states outsidetrs required momentum
reservoir, leading to considerably increased expense.

Reactionwheelsare conventionallyised tocontrol the attitude oB-axis stabilized
satellites and smallapacecraft. These devices véng spin of a fixed-axis flywheel to
transfer momentum and directly couple torque tooat vehicle. Although they are the
simplest, lightestleastexpensive, etc. adll momentum-exchangeffectors,they achieve



lower bandwidth and muchkmaller torque capability tha@MGs[31] (no amplification
principle is at work; torqueare coupled directly into thepacecraft). As largepacecraft
and satellites areonstructed, SGCMGmay prove to be a necessary and cost-effective
upgrade from reaction whegystems. Before SGCMG arraysan compete efficiently in
any of thesearenas, however, g@eneral steering algorithm must be develofleat can
successfully manage a minimally-redundant SGCMG array.

2.2) Formalism

Fig. 3 shows a drawing arsthematic of a bas8GCMG. Define the total CMG
momentum state to be the sum of all rotor momenta in the CMG array:

N N = # of CMGs in array
1) h' = Z h, hj = Angular momentum of rotor #i

i=1
The rotor momenta may be parameterized by a set of rotations:

2) h, =L1°i005@.) + (c?ix nOi )sin(e_)

=
=y
D
=
Q]

boi = Reference rotor position (at zero angle) for CMG #i
U

c?i = Unit vector along gimbal axis for CMG #i
8; = Gimbal angle of CMG #i
When mounted on a spacecraft, the total system momentum remains constant in the

absence of disturbance torques:

T —
3) H¢+h' = constant
dHs+h)
dt

dH, T
lTJr@SXHSlJ'!@sXD +;(0ixbi)ei =0
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Figure 3: SGCMG Drawin g & Schematic
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Where

H = Spacecraft angular momentum
w, = Spacecraftangular rate
[I] = Spacecraftinertia matrix

6 = Gimbal rate for CMG #i

Eq. 3 states thesystem momentum conservation arig. 4 resultsfrom the
consequent torque balancdhe bracketed term at right iBg. 4 describeshe CMG
reaction on the spacecraft. The fiestm in the bracket isaused by Euler coupling of the
CMG rotors into the spacecratite; itarises fromthe spacecraft-fixed coordinate frame in
which Eq. 4 is stated. Thterm isnot commonlyused incontrol laws (althoughmay be
exploited in nonlinear momentum managemseitemes[24]), and isubtracted from the
CMG torque commands such that all gimbals are driven inertially. Torque@meéntum
profiles used in this report assume that commanded torques have been compentiated
equationbelow, effectively removing the spacecraft ratad zeroing the CMG coupling
term.

__0 T
5) Temd = Lemd + @sx h

The CMG output'control” torque is given byhe secondterm in the bracket of
Eq. 4. The torque amplification effect can be seahenproduct ofotor momentum if; )
and gimbalrate Qi); i.e. asmall gimbal rateproduces asizable torquethrough the
"leverage" of a large rotor momentum. The gimbal equations[32] don't inth@vangular
momentum |h; |; gimbaltorquersneed only overcomthe gimbal and flywheel inertias to
produce a gimbal rate, hence output torque.

CMG control variables are the gimbal ra@s One maystate the CMG control
constraint in terms of a commanded torque:

6) Toma= [ (Q)]Q

10



The matrixJ(8) is the Jacobian of th®tal CMG momentumh’ with respect to
gimbal angles. Its columns are the individual CMG output torque autha_rit#eg,i x hj
as in the summation &q. 4, whereh; is a function of 8; given inEqg. 2. The CMG
steering problem is effectively an inversionky. 6; i.e.specify a set of gimbal ratéisat
deliver Tcmgwhile meeting constraints (i.e. hardware limits on maximum gimbal rates) and
managing CMG system redundancy in an "optinfathion, suchthat singular gimbal
states and undesirable rotor & gimbal orientations are avoided.

2.3) Envelopes, Singular Surfaces, and Closures

For mostrelevantapplications,the CMG array will be required tmaintain full
3-axisattitudecontrol. Situations exishowever, wheréghe CMG rotors are configured
such that the Jacobian in Eq. 6 looses rank, and control authority can not be projected along
a particular axis.  Suchgimbal configurations, termed singular states,are clearly
undesirable.

The simplestsingular state is momentusaturation, defined aghe "momentum
envelope". This is a 3-dimensional surfatteat representsthe maximum angular
momentum attainable by the CMG array along any gdisgttion. It is analogous to the
"workspace" boundary of the robotic manipulator (i.e. the surface of maximum reach).

The mechanical analogy betweemanipulators andCMGs was illustrated in
Ref. [13]. The output ofboth systems is a sum obtated vectorsa la Eq. 1. By
respectively replacingorque, momentumand gimbal angles by end effecteglocity,
position, andjoint angles, one can mathematically interchang€MGs with robotic
manipulators. Figure 4 shows3dink (thus minimally redundant) planar manipulator
system. One canseethat the vectorsum of links (each rotated by joint angle3;)
determines the end effector position.

An SGCMG system, however, iscallection of planar actuatorssed tocontrol a
3-axis space. The exact mechanical analog to 8&CMG array is given inFig. 5.
Although each manipulator joint is only able to move plane,the combined action of all
joints enables the end effector to span a 3-dimensional workspace.itSimeere difficult
to interpret these 3-dimensiordilawings,the simple planar manipulator will hesed to
illustrate the concepts and examples introduced in this section.

11
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Figure 4: A 3-Link Planar Manipulator

Figure 5: True 3-Axis Mechanical Analog to a SGCMG System

12



SINGULAR DIRECTION
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Figure 6: Planar 3-Link Manipulator in Saturation

Figure 6 shows the 3-link planar manipulator in saturation along the horizomgal
The manipulator is seen to be "maximally stretched"gaeh link projectsnaximally onto
the singular direction. The system's Jacobian looses rank in such a situation, and its span
is orthogonal to the singular axis.

The saturation state is impossible to avoid through managing CMG (or manipulator)
redundancies. It must kdirectly addressed byhe momentum management scheme (or
task scheduler in the manipulator case).

Other singular configurations existhowever, with momenta(or end effector
position) inside the envelope (or workspace). Thasecharacterized by a combination of
maximal and minimal link projections onto a given singular direction. manipulator
example is given ifrig. 7, which showsboth singular (dotted) and nonsingular (solid)
configurations for an endffector positioned within thenvelope. Singular statesn be
coded with a binarycharacterstring representinghe projection of each linlonto the
singular direction. A point on the envelope (i.e. Fig. 6) is labeled [+++], Wielénternal
singularity of Fig. 7 isnotated[+-+]. Pursuingthis conventionthere are 2 possible
singular states for an N-link syste(manipulator or CMG) along any given singular
direction[33]. A CMG steering law (or inversgematic procedure) manages system
redundancy to avoid internal singularities while answering torque commands.

By taking the determinant of thequare matrix formed when multiplying the
Jacobian by it¢ransposepne obtains a quantity (referred to as the singulardgx[34],
CMG gain[35], and miscellaneous other moniketisat reflects th&acobian's rank. The
square root is conventional in most formulations.

7) m=4/] 377

13
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Figure 7: Singular & Non-Singular Manipulator Configurations

In the CMGcase, JJ7] is a 3x3 matrix. Asn approaches zerdahe system is
nearlysingular,and an axis of control is effectivelgst. This "lost axis" is along the
eigenvector associated withe minimum eigenvalue of)J™]. The CMG gain " may
also be expressed #w product of theingular values ofl (Ref. [13]). Blockstermed
"minors” can be formedor redundantmanipulators or CMGsystems by grouping all
distinct combinations of Jacobian column vectors into square matrices. diteeSx3
matrices for the CMG case (2x2 for planar manipulators). Fdi-gimbal CMGsystem,
there are(g) possible minors [( ) =hinomial coefficient]. Thesignsand magnitudes of
the minor determinants reflect the state of the relative "kinks" between the cominakent
This is illustrated inFig. 8, which showsthe same end effectgrosition of a planar
manipulator as realized by 3 different jogdlutions. Each of these is characterized by a
different sign pattern of minor determinants. Link motibat maintainsuch agiven sign
pattern is deemed &osure[13] or solution family[11]. Transitions between closures are
accomplished through a singular minor (with zero determinant), as illustraffeguire 8,
where the manipulator is shifted from state A to state B (without makiemg@nd effector;
this istermed "null motion"through a singular (LL3;) minor in state C. Thikasdirect
consequence in CMGystems, where shifisetween different closures musbtmetimes
occur through a singulatate(i.e. all minors inthe CMG systembecome singular; the
CMG gainm may beexpressed athe quadraturesum ofthe minordeterminants). A
detailed discussion on the role of minors in CMG systems is presented in Ref. [13].

14



Figure 8: Transition Between 2 Closures Via Singular Minor

Figure 9: 4-CMG Pyramid Mounting Scheme

15
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Saturation Direction

Figure 10: 4-CMG Pyramid in Momentum Saturation

The CMG mounting schemesed in this study islepicted inFig. 9. It is a
conventional "pyramid mount”, where the CMGs are constraingiirtbal on the faces of
a regular pyramid (the gimbakesg are orthogonal to the pyramidces). Each face is
inclined at 54.7° to the horizontal (thus gimbal axes are at the complimentiaggs.3°),
yielding a momentum envelope that nsughly sphericafor a 4-CMG array; i.e. the
authority along the vertical (z) axis is similarttee authority that can be projected along x
and y. Other mounting arrangements have been touted in the literatareyooftop
mounts[36,37] osymmetric polyhedranounts[29,36]. The benefits of theseountings
(removal ofall "inescapable” singular states insittee momentum volume) tend to be
relevantfor CMG arrays havingnore than minimaledundancy (more than @MGs).
Since thepurpose of this study is fovestigate anew steering law ithe presence of all
types of singularities, the standard 4-CMG pyramid is retained.

An example of a CMG arrangemehttyields a point on the momentum envelope
is given in Fig. 10 for the 4-CMG pyramid mountggstem. One carseethat thesystem
is "maximally stretched't.e, all rotors project maximallyonto the singular direction. A

16



Figure 11: Momentum Envelope for 4-CMG Pyramid System

"cutting plane" technique[33,38] can be applied to calculate a set of points scattered about
the momentum envelope or internal singular surfaces. With this method, the CMG
orientation that is singular along the direction specified by a given vector § is obtained by
aligning the CMGs such that their output torques lie in the plane normal to ¢ (since the
CMG output torques are always normal to their rotor vector h and gimbal axis o ,this is a
straightforward projection). For a point on the envelope, CMG orientations are selected
with rotors all projecting positively onto § . The vector ¢ specifies the singular direction,
and the sum of rotor vectors (h", Eq. 1) specifies the momentum value.

Figure 11 displays the momentum envelope created by the 4-CMG pyramid of Fig.
9. Points were calculated using the above technique on a 4m spherical polar net (a

subdivided polygonal net circa Ref. [39] would be a superior choice for even coverage of

17



Front

Figure 12: 4-View of Momentum Envelope for 4-CMG Pyramid

solid angle, but the author came across this technique after the graphics were already
generated). Triangular polygons were formed by connecting the momenta calculated at
adjacent points, and displayed using the Super 3D graphics program[40] and
RenderMan[41], running on a Macintosh II computer. In comparison to the schematic of
Fig. 9, the z-axis of the envelope emerges from the polar singularity visible at the "top" of
the solid (since the object isn't too far removed from a sphere, this is readily discernable).
The x and y axes are in the "equatorial" plane. The centers of the "dimples" puncturing the
faces are aligned with positive and negative gimbal axes (i/(\i i) labeled in Fig. 9. For aid in
visualization, a 4-view of this object is given in Fig. 12. Here, the "Top" view is looking
down from the z-axis, while "Front" and "Side" views are looking along x and y. "User" is

from the viewpoint of Fig. 11.

18
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Figure 13: Singular Direction vs. Momentum Projection on XZ Plane

When calculating a momentum envelopesorgular surfacevia the cutting-plane
technique, the singular direction (which is normal to the surface) can be misaligned with the
net momentum vector (which is the sum of all CMG rotor momenta). This is illustrated for
the momentum envelope in the projectionFaf. 13, and is a property oSGCMG
systems. The effect here is especiallgronounced neathe "dimples", where the
momentum envelope departs considerably from a sphere.

These dimples seen dne solid depicted inFigs. 11 & 12(and sketched in the
projection of Fig. 13) are not part of the envelope aalculated via the cutting plane
technique. If oneursues thisnmethod without modification, the dimplen't appear,
leaving circularholes intheir place. This is because thagtually belong to the singular
state having one rotor flipped with respecttte singular direction”v (termed a 2H state
by the nomenclature of Refs. [34,38]; 4H states artherenvelopgroper, withall rotors
aligned). When’V is selected to poirtoward a "dimple”the rotor corresponding to the
gimbal axis piercing the dimple can no longer contribute to the momentum”alo(since
U is nowclosely aligned withthe dimple's’c\r , the corresponding rotor iearly
orthogonal to'v, andcan'tproject) . In order to keefhne net momentum alon’\g v the
component of this rotor momentum normal’to must be nulled by anti-alignirthe rotor
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from the opposite pyramid face. This creates a 2H singularity and retlecesmentum
capacity of theCMG array near the gimbaxes, producinghe dimples. In order to
generate theolid plotted inFigs. 11 & 12(dimples and all)jnitial 4H gimbal solutions
obtained fromthe cutting plane techniquevhich aligned thesingular direction with' v )
were iterated along the envelope and dimple surfaces with an SR if&zgrsE3), until the
total CMG momentunh” was made to aligrwith the commanded vector (the origifial
from the polar net.

The momentum enveloplr an array of double gimballed€MGs is perfectly
spherical (in the absence of constraining gingiaps). This remains true regardless of
mounting arrangement and device failure status (providezhstitwo unitsare operational
to span the 3-axis control requirement)he singular surfaces of DGMCG arragse also
spherical in momentum space. They can easily be avoided in most cases by steering away
from rotor alignment expressed via a simple dot product objective[23], or preferring CMGs
to be distributed at equal angles about the total stored momentum[21,42].

The single gimballed CMG situation is consideradlfferent. Figs. 11 & 12
illustrated that the momentum envelope is somewhat non-spherical, as notedongthig
octagonal shape and concave dimples intersetiismgimbalaxes. This surface appears
more complicated than tlepherescharacterizingD GCMGs andthe polyhedra created in
momentum space by reaction wheel systems[ABly mission requiring system operation
near the envelopenust accountfor its nonspherical shape ihe resident momentum
managemenscheme, otherwispeak momentum must bienited to the minimunradius.

As CMGsareadded,the envelope can be made to better approximagghare. Inthese
cases, however, @evice failure will break the mountirgymmetry, causinghe envelope

to skew over and project unequally along control axes (see Ref. [12]). This is illustrated in
Fig. 14, which shows aside view of a momentum envelopeeated by an irregular
pyramid-mounted SGCMG system (the arrangement ustheé isame ashown in Fig. 9,
except CMGs #3 & #4 are rotated about thexis by an additional 45°). An envelope of
this type might be expected aftdevice failures on a multiply-redundant CMggstem.

The envelopaow resembles a skewedllipsoid; a minimum-radius spherical requirement
would severelylimit the storedmomentum capacity. lorder to fully exploit all control
potential within an envelope as depicted-ig. 14,the momentum management procedure
must be able to employ non-uniform constraints on peak momentum loading along different
axes. Asearch-based momentumanager, whichmight be obtained by extending
techniques demonstrated in theport, or anapproachable to infinity-normbound the
momentum on eachxis (i.e. an(' optimization, as inRef. [44]), could provide the
potential for realizing such a scheme.
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Figure 14: Momentum Envelope for Irregular 4-CMG Pyramid

Singular states are considerably more complicated for single gimballed CMGs.
Figure 15 shows the 2H singular surfaces obtained in momentum space by anti-aligning
one rotor with the singular direction () for the 4-CMG pyramid of Fig. 9. As one can
readily see, these surfaces are hardly spherical. Fig. 15 is actually composed of a union of
four surfaces, each obtained by flipping one rotor to oppose 0, yielding the projection
patterns [-+++], [+-++], [++-+], [+++-]. Each such surface is aligned with its "flipped"
gimbal axis, and connects the petals projecting on either side. These "petals" are actually
the "dimples" seen on the envelope plots of Figs. 11 & 12 (Fig. 11 is rendered from the
same viewpoint as Fig. 15, thus features may be compared directly). The intersection with a
plane across each petal (normal to the petal's gimbal axis) becomes triangular as the base of
the petal is approached. This phenomenon was noted in Ref. [33] and can be seen in Fig.
15. The 2H singular states patch smoothly to the 4H envelope at the perimeter of the petals,

then "twist" at the petal base into 3 "ribbons" (formed from the sides of the aforementioned
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Figure 15: 2H Singular Surfaces (with one rotor flipped)

triangle) that arc around within the momentum envelope (becoming an internal singular
state) to join the opposite petal. The four 2H singular surfaces are all interconnected near
the pyramid base.

Because the mapping from the continuous polar net (defining ¢ in the domain
space) to the momentum space of the singular surfaces is highly nonlinear, adjacent 0 and ¢
points could not be connected together to form a "sheet" of polygons, as was possible for
the envelope (adjacent points in 0, would often map into highly separated momenta). In
order to generate these images of singular states, a small square is drawn at the midpoint of
each momentum value calculated. The squares are oriented normal to the singular direction
¢, and are not connected together. If the density of squares is sufficient, they begin to
overlap and tile the singular momentum surface. The mapping between ¢ and the singular
momenta is so nonlinear, however, that a uniform polar net in 9 yields rather "spotty" and
"granular" coverage in momentum space. This creates definite artifacts in these images.
For example, the rough boundary of the petals in Fig. 15 is due to a lack of covering

polygons; the {0 -to-h mapping is highly curved in these regions, thus a densely packed
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bundle of input vectors maps to a disperselection of momentd. The petalsvould
have a smootiboundary in arideally renderedsolid. Despite theselrawbacks, if one
views these figures at "arms length”, a very good fealargbe gleaned as to the structure
of these surfaces.

The "OH" singular state is formed by simultaneously flipping two rotors to oppose
the singular directiori (. Its momentum surface is thus smaller, and it fits within2H
state pictured in Fig. 15. No parts touch the momentum envelope; this singular condition is
entirely internal. There argvo types of OHsingularitiesfor the 4-pyramid ofFig. 9;i.e.
one created by flippingdjacentpairs of rotors (this includes twdistinct surfacesf++--]
and[+-+-]), and anothemadefrom flipping opposing pairs of rotors (only oserface,
defined by [+-+-]). The OH "adjacent pairs" surfaeesshown in Fig. 16. Although the
small squares produced astifacts fromthe tiling algorithmdiscussedabove areclearly
visible, the actual momentunsurfacesare smoothly connected. One must mentally
"interpolate” and imaging a continuous tiling.

The nature otthis object can be initially difficult tadiscern,due to its complex
structure. After some examination, itan beseen to form a multi-ridgedolid, with
adjacent ridges intersecting at six apex points spaced regularly about its perida&nyg
an organic analogy, its appearance is not unlike a ridged Brazil nut or star fruit. In order to
improve the renderinghe orientation othis figure is rotated somewhat fraimat of Fig.

15. In this view, one is lookingdown" atthe xy planegfrom a vantageoughly 30° from
the z-axis. The z-axis protrudes frahe apex point thgtrojects out of the page near the
top of the object. The x and y axa® in the plane containing the otliear apexpoints.
All of the OH apexpoints patch ontothe 2H state at the areashere the different 2H
surfacedntersect; by mentally aligning the appwints inFig. 16 with the intersections
between the "ribbons" of Fig. 15 (4 at tertices of a square ihe xy plane, 2along the
+7 axis), one can see how the 2H and OH singularities interrelate.

The OH"opposite pair" surface ishown in Fig. 17. The curving lines visible at
the fringes of the structure are tiling artifacts due to the nonlinear mapping disahesed
ideally, these planes should be solid and continuous. This figure is sonuffutait to
discern,again because of itultiplicity of protruding ridges and facets. It seems to
consist of a polyhedron with ridges extending along its perimeters and intersecting at
apexes, as was seen in Fig. 16. This surface is "flatter”, hovanestays closer to the
Xy plane than the adjacent rotor states shown in FigFigs. 16 & 17werecreated from
roughly similar viewing angles (Fig. 17 is seen frowaatage closer to the xy plane); by
comparing théwo, one can sethat the apeyointsare identical, and thedges seem to
overlap.
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Figure 16: OH Singular Surfaces with Adjacent Rotor Pairs Flipped

In order to summarize the interrelation of all singular states, Fig. 18 gives a cutaway
view of the momentum envelope, with all of the singular momentum surfaces visible inside.
The envelope is bisected by the xz plane (all points with x > 0 are plotted), and the viewpoint
is adjusted such that one is looking at a small angle to the x-axis along the xy plane. The
2H singular surface can be seen to patch to the dimples on the envelope, then arc inside.
The OH surfaces can be seen to fill the void inside the 2H surfaces, and the ridges
protruding from the OH edges are seen to fill in the space between the 2H "ribbons" as they
arc toward the dimples on the envelope. Immediately beneath these dimples, the gap
between the 2H "ribbons" seems to be filled in by the 2H state itself; further in toward the
center, the OH state covers this area, as suggested above. This hints that the 2H and OH

states may patch together along these "ridges" (or "webs") between the 2H arcs; a gap can
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Figure 17: OH Singular Surfaces with Opposite Rotor Pairs Flipped

be seen there in Fig. 18, but this lack of points may be due to large curvature on the
nonlinear map between ¢ and h, as discussed earlier.

Figure 19 shows another cutaway; this time the hemisphere of Fig. 18 is sliced into
a quarter-sphere by the xy plane (now all plotted points have x,y > 0). The viewpoint is
rotated by roughly 45°, such that the envelope segment is seen edge-on. The 2H state can
be seen to patch onto the envelope dimples at the top, left, and right of the figure (the
"eye-like" features left and right of center are cut 2H surfaces coming out of the page). The
OH surfaces are seen to fill in the region near the center.

A variety of planar singular surface projections for SGCMG pyramid-mounted
arrays can be found in Ref. [45]. A detailed analysis of the properties of singular surfaces
is presented in Ref. [46]. Singular surfaces become considerably more complicated[47] if
the CMGs in an array are allowed to have different rotor momenta (not standard operation,
but potentially a contingency in the case of degraded hardware or when using the CMG

rotors for energy storage).
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Figure 18: Envelope & Singular Surfaces; Cutaway View

Singular states fall into two categories; those that can be escaped through null
motion (i.e. redistributing the CMG rotors to relieve the singularity without changing the
momentum state of the spacecraft), and those that are inescapable through null motion. The
latter "inescapable" states pose a major difficulty with SGCMG systems. They arise from
the limited control capability per actuator; i.e. using a collection of single DOF devices to
control a 3-axis space, as was mechanically illustrated in Fig. 5. With devices such as
DGCMGs (2 DOFs per actuator) or planar manipulators (1 DOF actuators to control 2-
axis space), inescapable singular states are either nonexistent or trivial (i.e. the envelope of

any system is technically an inescapable singularity).
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Figure 19: Momentum Envelope & Singular Surfaces; Quarter-Slice

Refs. [12,33,48,49,50] detail a quantitative method for testing singular surfaces for
the possibility of null motion escape. These techniques involve expanding the total CMG
momentum about a singular point to second order in null gimbal displacement, and

examining the resultant quadratic form (see Sec. 4.1). If it is positive definite, the range of

27



null motion is bounded,and the singularity is inescapable (hence termed "elliptic").
Otherwise, the singularity may be altered by null motion and is potentially escapable (these
are termed "hyperbolic”). Degenerate motion of the system, however, can alter the singular
state (hence the singularity is classed hyperbolic), but not affect the CMQrydi.( 7).
Refs. [49,50]further test admissible nudlolutions by requiringuull displacement talter
them values, thus ensuring escape from the singular state.

This techniquehas been applied[33,49] to classifythe singular states of the
pyramid-mounted 4-SGCMG system. The 2H surfaces (Figw&B) generallfjound to
be elliptic (inescapable), while¢he OH surfaces (Figs. 16,1Avere generally seen to be
hyperbolic (escapable). Since thesn notalways berelieved without torquing the
spacecraftthe 2H singularities can be especially problemidicSGCMG systems and
steering laws. Proposed SGCMi8ployments generally size the CMG array to keep the
required momentunecapacitywithin the boundary of these 2H singulaurfaces. This
considerably reduces the available momentum capacity (the effective reductionsesmn be
in Fig. 18). Inorder tooperate in theegions ofinescapablesingularities, arntelligent
steering law must be developduat avoids elliptical states wheregossible, orrapidly
transits elliptical configurations, while minimizing their effects on the spacecraft momentum
state and attitude control.

2.4) SGCMG Steering Laws

The purpose of dconventional’ CMG steering law is to determine Ch&bal
rates that answer instantaneous torque commavidie managing theystem redundancy
to maintain desirabl@.e. nonsingular)gimbal states. Most CMG steerindaws calculate
torque-producing gimbal rates with some variant of pseudoinverse.

8) B =J" (1)1,

md

The pseudoinverse producé#® minimum2-norm vector ofgimbal ratesx_eT that
realize the commandddrque1c.mg If these gimbal commands are applied to a CMG
system without modification, singularities are often encountered. Becauseririrtsim

Euclidean-nornproperty,the pseudoinverse solution tends nwinly move CMGrotors
with output torques projecting significantly orttee inputcommand. Rotors witkmall
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torque projectior(i.e. aligned or anti-aligned witthe command direction) are essentially
kept in position, encouraging the formation of a singular state.

The pseudoinversecan be considered as a "particuladlution to the torque
equation, Eq. 6. The corresponding homogeneous solution is produced throwdh
motion, which describegimbal motion thatdoes notchange the CMG momentustate
and torque thespacecraft. Null motiomay be calculated in a variety ofanners;.e.
through a singular value decomposition[51], or a projection operator[34] as outlined below:

9) 8,=[1,-37(37y3]d

Where

N =# of CMGs
d = Arbitrary N-vector to be projected into nullspacelof

I, = NxN ldentity matrix

Since the null vector_éN are orthogonal to theow vectors ofJ, null motion may

also be effectively calculated as a cross product[33]. An independent null vector exists for
each excess degree of freedom in the CMG system. The rank of the nullspace is thus:

Ranki(\ ) = N - Rankg)

In the nonsingular casé,always has rank 3. Forrmminal4-SGCMG systemthere is
thus only one null vector, and it can thus be summarized:

10) 8, = (el lasallbeal o)’

Thec, vectors above represent the output torques of CMG.étrthe n'th column

of J. The components @fN are determinants of 3x3 matrices or scalar triple products:

11) I g ol =Gxgeo=dett g al
This technique can be generalized to systems of more tRM@s. For instance,

for a 5-CMG systemone mustcalculatetwo null vectors. The first null vectorcan be
obtained by zeroing the fifth gimbal reaed applyingeq. 10 onthe otherfour gimbals.
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The second null vector is thefound by taking thecross product ofhe rows of a 4x5
matrix formed by including the first null vector as an additional row (sfnce the twaull
vectors should also be orthogonal). Thgain leads to a null vector with components
calculated asleterminants. As opposed to Hd), the second null vector ithe 5-CMG
case will require the determinants 44 matrices. Thisnull vector will have five
components, each of which will be calculated by a determinant inclatlioglumns of the
augmentedlacobian.exceptfor the column numbered the same as the null component
being calculatedas in Eg. 10). For odd numbers of CM®§, the signsmodifying all
determinants are positive; for even N, the signs alternate, as in Eq. 10. More details on this
technique are given in Ref. [33].

The particular anthomogeneous solutiorsse summed tdorm a generatelation
that spans all possible CMG motions that attain the commanded torque:

N
12) Ocmg=8,+2 F 8y
i=1

The CMG steering lavassigns weights; to the system'snull vectorsQN(i)to

determine gimbal motion thavoids singular angbroblematicstates. Forthe 4-CMG

system, this amounts to picking a signed scalar variable, since there is only areztoull
Most (if not all) steerindaws are local innature,hencesolve Eqg. 12 fogimbal rateghat
are instantaneously "optimal" at the current gindmaifiguration. The %; factors arethus
picked at eactimestep. Amobjective function can be defined to reflect desiragiebal
orientations, andhe k; factors can bealculated by differentiating ivith respect tonull

vector displacement.

Although such "gradient"techniques carwork well with double gimballed
CMGs[22], they generally have considerable difficulty in managd@®§CMG systems of
limited redundancy[13]. Steering lavisat locally track the maximum of an objective
function tend to often be drawn into singular states, especially if the objective is determined
through a function of the CMG ga{iiEg. 7). Although the current gimbadosition seems
locally "optimal”, in thesensethatany null displacement wilbwer the CMG gain (hence
decrease the objectiwalue), the torque command may be pulling the gimbal state into
smaller gain and eventually saingularity. Using damiliar analogy, one is "marching”
along a ridge that regionallgeems to bethe highest point(i.e. locally optimal).
Eventually, the height of the ridgkeclines,until it ends up at a pond (i.singular state).

In the SGCMG case, it seenthat many of the locally optimal gimbal trajectorigse.
"ridges") end up singular (i.e. "drenched"). In additisingularities may "attract" nearby
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gimbal trajectories. Thseingular statas, in a sense,maximally stretched”, inthat all
rotors project maximally or minimallyonto the singular direction. In this regard, it can
extract behavior similar to that encountered past momesatanation. Sincéhe authority
about thesingular axis idimited near a singulastate,the gimbals can be quickly driven
singular in order to produce any commanded torque componethissimgular direction.

If a feedback controller is wrapped aroutiwe steeringlaw, this effect can be highly
problematic. As the CMG gimbals drift out of the singular orientation, they are driven back
into it to try and nullerrorsaccumulated about trengularaxis, thusone tends to "hang

up” or "lock" the gimbals in the singularity.

In order to avoidhe abovepitfalls, avariety of heuristic andnalytic approaches
have been developed to determine a singularity-avoiding null motion [foécyastrategy
for assigningthe constantss; in Eq. 12). Twopromising techniques wengroposed in
Ref. [34]. One of these is a simple strategy to steer individual CMG rotpwsntotoward
the saturation singularitfi.e. direction of commanded ostored momentum). As
discussed in the previous section (@hdtrated inFig. 7), internal singular statesan be
characterized by having one or moogors (links) "flipped" toproject against the singular
direction. By adjustinghe added null motiosuchthat therotors are "unkinked" where
possible,and all eventually point into the saturatidremispheremany internal singular
states can ideally be avoided. Unfortunately, this technique camtidabupon to skirt all
singular states[13]. Ibften tends, however, t@btain gimbal trajectories that can be
rapidly improved by nonlinear optimizatiothus is used as a startipgint for the search
procedure discussed in the next chapters.

The other methog@roposed in Ref. [34] is mmuch more complicatedrocedure,
whereall internal singular states along a predicted torbigtory are characterized and
ranked. Null motion is then added via the projection of Eqg. 9 to avoid the singularity that is
expected to be encountered first. Although this hints of being a glolsgion, inthat one
considers a predicted torque history and its consequences, it is not a nonlinear optimization,
and picks the null factofsusing a linear gradient technique, which is known to fail.

A related approach has been formulateRéf. [35] for a 4-CMGpyramidused to
stabilize a balloon-borne telescope packagere, aparameter table (potentially generated
off-line) storesthe signs ofnull displacements that will achieve a "globallynaximal"
CMG gain at variougiimbal orientations. Thidable is indexedvith the current gimbal
angles, hence a "globally bestate must be determinéal a widerange of inpugimbal
positions. Nonetheless, this method is still an instantaneous "tangent" apprdaahtha
predicted torquéhistory is nottaken intoaccount. Gimbalsare steered into dbest”
orientation for the current momentum state, although attathatgbest" orientation at one
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point in time may create @roblem laterand prevent the CMGystem from making a
nonsingular transition to a future commanded momentum. @wtbal trajectories may
be considered as a path through varigusbal closures (introduced irthe previous
section). Although a certain gimbatlosure may be "globally'tptimal for a particular
momentum value, the CMG systamay have to transthrough a singulastate to attain a
closurethat yields a future commanded momentum. gkneral,the global momentum
trajectory should be considered for best performance.

A variety of tangent-based techniques were applied to S€£MGs inRefs.
[13,52]. Weightedpseudoinverses and sevegahdient-directed null motion algorithms
were attempted. As mentioned earlier, strategies using local gradients often lead to singular
states; thiswas indeed noticed. In fact,the technique thatvorked best isadding
"undirected" null motion; i.e. assignirigo be always positive (thus not forcing the system
along alocal gradient).The factork wasadjusted in an unusual way;tife CMG gainm
was above unity (normalizing the CMG rotoomentalh| to 1), ¥ was madeproportional
to mé, otherwisek wasscaled as M. The above conditionaddsnull motion at both
high m states (to keep the system moving, and hopefully not settling into configurations &
trajectories becoming singular) almv m states (to avoid the singularitiftsemselves).
This technique, termed the "second inverse gain" method, has an obvious drawthatk in
null motion should aseasily enter a singularity deave one. Adding gimbal motion
without following a local gradient seems, however, to yield better performance.

One of the mairtontributions fronthe effort ofRefs. [13,52] waghe application
of the SR (Singularity Robust) inverse to CMG steering. The SR inversmaslification
to the pseudoinverse that has been proposed for robotic manipulators[53].th&/IEVG
gain begins to decrease, and the system goes singular, the SR technique adds a perturbation
to the 3x31JT™ matrix in order to maintain rank and retain invertibility.
13) 0 =J (W +pl, ) 1

=1 cmd

Eq. 13 is identical to the pseudoinverse (&y.exceptfor the termproportional to
the 3x3 identity matrix. The constant oproportion,p, is generally made to be negligible
when the CMG gain is high, and increase witengaindrops inthe vicinity of a singular
state. This term, when significamtjll introduce torqueerrors. Gimbalrates, however,
canalways becalculated;Eq. 13 doeshot becomesingular with a drop irthe Jacobian
rank, as does Eg. 8Singularities arghus avoided or "transited” in momentum space;
torque errorsare created nearsingular state and hopefully compensated afterwadrdn
the CMG system re-achieves full control.
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The effect of the SR inverse neasiagular state is tdrop the rank ofthe torque
constraint(Eq. 6); gimbal rates are not generatedattswercommand components about
the singularaxis. This can create @roblemwhenthe torque command igarallel to the
singular directionall gimbalrates will bezero,and thesystem will essentiallgtop in the
midst of thesingularity[13]. One must then augmerthe SR inversavith an additional
procedurethat adds torque disturbance (or modifig® input command) to relieve this
situation.

The search procedure described in the next chaptsthe SR inverse toalculate
torque-producinggimbal rates. The feedforward gimbal trajectories are adjusted to
minimize the torque error produced by the SR inverse, as will be discussed.

In order to assureperation without encountering inescapable singular sfates
Fig. 15), recent deployed angroposed SGCMG systems ftarge spacecraft rely on
CMG arrays with adevice count well above minimunedundancy(i.e. 5 or 6wheels)
and/or a momentum envelope sized apprecidibdyond the mission requirement.
SGCMGsare currentlyrunning onthe MIR[29] and have beeproposed[30] for the
NASA spacestations. Since singularity avoidance becomes much simpler after adding
more CMGsJ[48] or restricting their range obperation, straightforward gradient-based
algorithms and configuration-specific approaches begin to function adequatelgaand
both been simulated and/or applied with these vehicles.

Other steering concepts have beenoposed andattempted. Thesystem of
Ref. [54] attempts to circumvent the singularigsue by driving subsets &GCMGs in
an array as virtualscissored pairs"potentially resulting in excessive restriction on the
CMG system and operatioriThe method oRef. [55] involves calculating optimal initial
gimbal anglesfor different torque requestssued to a CMGsystem. Despite this
approach, the central problem of SGCMG steering remagspne must somehoivansit
to this "optimal" set ofinitial gimbal angles (representing a particular closure) from an
arbitrary CMG orientation. In additiothe meaning of "optimal initiahngles” becomes
diffuse as the CMG array is loaded with secatmentum and torque commands vary in
direction and magnitude.

In Ref. [17],the pseudoinverse was dispensed with entirahd a linear program
was used tsteerDGCMGs, steer SGCMGs, fire reaction controjets, ormanage any
mixture thereof. The linear program has the advantage of bblagohard-boundgimbal
rates, and finds a gimbal rate solution to the torque comihataninimizes thel.-norm of
an objectivefunction, whichmay be formulated to reflect the optimality of a CMG
configuration. It isstill a linear gradientapproach, howeverand thusexperienced
considerable difficulty in steering minimally redundant arrays of SGCMGs.
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In summary, mostinear steeringaws that locally answer instantaneousrque
commands will have difficulty avoiding singular statesmmimally redundantSGCMG
systems. In order to improve performance, the ideal steering algorithm must be "global” in
nature, andptimize theCMG gimbal motionover a predicted momentum trajectory. In
Ref. [56], a variational method was proposed to accomplishithigheimplementation is
guite complex,especiallyfor onboardspacecraft operation. "Global* CMG steering over
predicted momentum trajectories may be efficiently attairremyever, by asearch
operation, as is detailed and demonstrated in the following chapters.
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3) Search-Based CMG Steering

3.1) Analogy to Waypoint Planning

The use of searclalgorithms in thisstudy of CMG steeringvas inspired by an
analogy with waypoint determinatidar mission planning applications/Nhen planning a
missionthat requires, for instance, aoptimal aircrafttrajectory[4,57],the problem is
divided into three sections; ggalanning, waypoint planning, animeline management.
Goal planning determindle selection ofmission objectivesi.e. "targets") andhe order
in which they are to be visitedThe waypoint plannefinds anoptimal path between goal
nodes (i.e.minimizing neededuel, avoiding threatsetc.). The timeline manager is a
"watchdog" regulator taskhat monitors the aircraft state as the optimal trajectory is
followed, rejecting disturbances and re-queuinthe higher-level planners when
encountering significant divergence frahe predicted statg.e. due to unmodeledinds
leading to higher fuelisage,changes in the nature ahticipatedthreats,vehicle damage,
etc.).

The adaptation othis strategy to CMG steering is diagrammed~ig. 20. The
goal planning function is accomplished by the momentum managetgenithm, which
schedules a momentum profile to be attained by the CMG system. The waypoint planner is
realized by asearch procesthat performsthe singularity-robust inverse kinematics to
determine CMG gimbal trajectories that follow the momentum commands. A regulator task
monitors the divergence of the spacecraft dynamics and CMG gimbal motion from
predicted values. For small disagreements, corrections can be alngetly to the CMG
system. If larger divergence is evident, the CMG search must be re-execcadzlifae a
new gimbal path. If significant divergence is detectém the predicted environmental
torque history, thenomentum manager must be re-executed, tla@daypoint search run
with the updated momentuiprofile. Additional detail on spacecraft implementation is
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Figure 20: Mission Planning Implementation of Search-Based CMG Steering

given later in this chapter. Since this study has focussedeamaypoint planner, most of
this chapter will be dedicated to describing its philosophy, structure, and function.

The operation of thevaypoint planner is illustrated ithe planar example dfig.
21, where aroptimized "threat-free" path is determined between start andhgdak. In
the aircraftcase threats have thetandard connotation;e. regions to be avoided where
adversaries have concentrated sufficient firepowercreate appreciabl@robability of
scoring ahit and jeopardizing thenission. For CMGsthe notion of a "threat" may be
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Figure 21: Waypoint Planner for O ptimal Determination of Aircraft Tra jectory

replaced with a singulagimbal state,creating a waypoint plannénat will try to calculate
singularity-avoiding gimbal paths between sets of start and goal nodes.

In the aircraft planning problem, a situation can be envisioned where threats can not
be entirely avoided because of constraints imposed by aircraft maneuverability and the
allowed span of trajectories. A situation of this sort is portrayed in FigTB@dark zone
in the middle of the paper represents an extended threat zone between start andegoal
Since the aircraft can not fly around the threat here, the optimal planner will pick thaiath
minimizes timespent inthe threatzone, thereby choosinghe leastrisk to aircraft and
mission.

A direct analogy agairexists inthe CMG world. As discussed in Se@.3,
inescapable "elliptic’singular states exist in singtgmballed CMGsystems. Ifone is
sufficiently close tasuch a singularity, or in particular gimbaklosure,there may be no
path between start and goaldesthat is able to avoid theingular state.The situation is
illustrated in Fig. 23. If the null degrees of freed(wartical axis) areused forsingularity
avoidance, anthe torque command (horizontkis) extends through alliptic singular
state,there may be no null pataroundthe singularity from particular initial gimbal
configurations. Sinceghe CMG waypoint searchusesthe SR inverse, most such
singularities may bdransited, atthe expense, however, ointroducing torque and
momentum errors. In thesases, awith the aircraftplanner,the CMGwaypoint search
will try to select null motiorsuchthat the effects of thsingularity areminimized;i.e. the
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Figure 22: Aircraft Wa ypoint Planner Res ponse to Unavoidable Threat

gimbal orientation at theingular state is adjustestichthat momentunperturbations are
kept small and the singular condition is transited as rapidly as possible.
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Figure 23: CMG Waypoint Planner Res ponse to Unavoidable Sin gularity

3.2) Search Techniques

The aircraftmission planner oRefs. [4,57] used an*Asearch to determine the
optimal vehicle trajectory between start and guades. Discretized vehiclgositions(i.e.
"nodes") are defined on a planagrid containing the start and goal locations (a
3-dimensional grid is used if altitude is also taken into account). Beginning sththethe
vehicle position is propagated through adjacent nodes until the goal is reached. As different
nodesare expanded, dinked list is created; eachode has gointer to its predecessor
"parent” node. When the search terminates at the goal, the optimal path is reconstructed by
propagating backwards through thit from goal tostart. Acoarse illustration of this
concept is given in Fig. 24, which shows a typical "tree" structure produced by a search as
it solves for a trajectory.
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Figure 24: Tree Structure for an A * Search Over a Planar Grid

The A’ search consults avbjective function tassign a "cost" t@achnode and
solve for anoptimaltrajectory. The objectivefor a node j consists of two components; a
trajectory cost gthat specifies the penalizatioaccumulatedirom the start tonode |
(representing the optimality of the trajectory at node j's position), and a "hewitate
of the cost to completion from node j to the goal. This may be summarized:

14) G=g+h

gj = "Cost" of node #j from start
hj = Estimated cost to complete path from node #j to goal.

The logicflow for a simplified A" tree search is given ifFig. 25. Initially, all
nodesare expandedhat originatefrom the startingnode (i.e. for the mission planner,
nodesare exploredhat represent the discretizegthicle positions nearest tthe starting
point). If the goal ishit, the search exitawith the optimal path, propagating from
goal-to-start, node-by-node, agentionedpreviously. Otherwiseall "open" nodeqi.e.
unexpanded nodes tite edge of the tree) are scanrfiedthe smallest evaluation of c
(assuming ambjective minimization). This node is expandedheckedfor "goal” status,
and the process continues as discussed above.
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Figure 25: Simplified Logic for an A * Search

The addition of a predictive heuristic function to the objective calculgiias the
A* search its special character. An appropriately defined heuristic will effectively prune
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away pathsleading down "blind alleys"”, enabling computationakresources to be
concentrated on thenost promising alternatives.The optimal tree-search problem is
known to be "NP-hard"; i.e. the computation requirement needed in applying a blind search
grows exponentially withthe size of theproblem. The introduction of appropriate
heuristics reduces the difficulty in arriving atsalution. Inmany problems,the search
complexity can be reduced sufficiently to approach linear dependence on the problem
dimensions. Aradeoff exists betweethe "aggressiveness” of laeuristic definition and
the optimality of the resultingolution. If aheuristic is defined to readily sidestep search
branches angaths, asolution will be obtained quickly (antthe search will requiréess
storage space for expanded nodes), although this solaagrbe significantlysuboptimal.
If, on the otherhand, the heuristic is defined to be moeslimissible, thus lesapt to
discourage search branching, the solution will be closer to optimal, althaugly itequire
considerably more computatidime and nodestorage. Thistype of optimality vs.
computation tradeoff appears in several nonlinear optimizatiaiegies, andnay be
effectively managed in an*formalism by adjusting the heuristiontribution. By setting
all h; to zero, one has a uniform-cost search; if, in addition; allecset to equal theevel
in the search tree (i.g.is set to 1 plushe level of the paremtode), abreadth-first search
will result. Ifthe ¢ are set to the negative of théswvel in thesearch tree, a depth-first
search is produced. An informed depth-first search may also be approached by defining an
overly-aggressive heuristihat prefers aparticular searcipath. More detail on A and
other search variations may be found in Ref. [3].

As mentioned previously, the basic aircraft mission plammaks tominimize fuel
usage and avoidhreat zones. These quantities may be readily accounted in the
objective. The gfactor may be defined to represent the amount of fuel and integnated
status encountered "so far" in traversihg tree(i.e. moving the vehiclejrom the start to
node j. The heuristic function jhis defined to represent the expected fuel needed to
complete thevoyage fromthe location ofnode j tothe goal(i.e. if straight-line travel is
assumed, amadmissible heuristic iproduced), with perhaps sonanplitude added to
reflect the anticipated thresatatusthat could be encounterezhroute. Since themission
planner'ssearch willtake placewithin a bounded 2 or 3 dimensiongdgion, the total
amount of discretized positions (or nodes) will remain quite finite. In this case, however, a
node may have different trajectories passing through it (i.e. several parents). This situation
may be dynamically accommodated wtlslelving the search, as discussed in RE3].
Because the number abdes in thigproblem is significantly limited, cost valudsr all
nodesmay be pre-calculatettirough Eq. 14and stored in #able that isconsulted during
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the real-timesearch execution. Thisinimizes the computatiofoad, and themission
planning search is seen to finish quite rapidly, as demonstrated in Refs. [4,57].

In contrast, howeverthe CMG search isomewhat more difficult. As will be
defined in the nexsection,the coordinates are not specified in a simple Euclidgsace,
thusthe search iscross a tree, with "child" nodesnnected only with theimmediate
parents. The density ohodes thus increasegponentially withthe depth of the tree (the
problem is classically NP-hard). This discourages the possibility of "pre-calculating” node
costs and parameters falf nodes; costs must lwalculateddynamically, as th@odes are
expanded. In addition, a trué Aearch, as described above, eaperience difficulty with
such a fine tree structure. If a singular state (i.e. "threat zone") is encounttéredriast
of the search tree, whetlee node density isigh, the search can becorfigoggeddown”
expanding the multitude afonsingular nodes surroundirige border ofthe singularity.
When operating in a region whettee node density isigh, the A" search can repeatedly
expand nearby good gimbal states intohlgdh cost regior{i.e. singular state oobjective
"hill"), and spendmuch effort exploring the myriad dfuitless possibilitiesavailable in
trying to avoid the singularity. Sindbe A" search examineal "open” nodes before any
new node is expanded, the needed computation time can appreciably increase as more open
nodes are added. Consequently, in cases whdifeicalt singular condition is positioned
within a region of thdéreewith high nodaldensity,the search can becorberdened with
expanding dead-end paths and not produce a solution trajectory until inordinate amounts of
computer time and storage are expended.

If one letsthe A" search solve for a CMG trajectothpe resultingsolution will be
optimal, provided that any employed heuristic is sufficiently admissible downside to
this feature isthat it may take practicallyorever to arrive at thisolution, especially
considering situations such as portragbdve. The CMGtrajectory, howevemeed not
be optimal; a suboptimal gimbal trajectory vailiffice, so long as it avoids (or reduces to
tolerable levels) the impact of a singular gimbal configuration. This argument has led to the
CMG adaptation of a guided depth-first search.

The guideddepth-first search somewhat resembles a gradient-based null motion
CMG steering law with corrective look-badke. local gradientsolutionsare pursueduntil
they get intatrouble, at whichpoint the trajectory iexamined, perturbed at a promising
point, and again gradient-propagated. A summanthef depth-first search strategy is
shown inthe diagram ofig. 26. Before the search isctuallyexecuted, a series difal
trajectories are calculatedsing various gradient techniques. Thesérajectories are
propagated locallynode-by-nodej.e. ateachstep,the child nodethat best exhibits the
assignectriteria ischosen for expansionThe trialsthus produce amitial population of
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Figure 26: Flow Diagram for Guided Depth-First CMG Search

open nodes representing gradient solutions; thegebe "graftedipon™ (i.e.they may be
chosen for expansion) and improved by the seprobess. In additiorthe winner of the
trials produces an initial "best trajectory”, providing a cost cutoff with which to judge and
prune subsequent search attempts.
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The search process itself is then begun; the lisilapen(i.e. unexpanded) nodes
is scanned(initially derived from the trial trajectories), and théest-costcandidate is
expanded andlosed. The search theproceeds in a gradient-guided depth-fiigshion,
picking thebestimmediate childfor subsequent expansion @&chlevel. This policy
continues until either the goal is reacl{ed. the end-state momentum is achieved) or the
net trajectory cost exceeds the current casdff. Inthe formercase the "besttrajectory”
definition and cost cutoff are updated with the newer values, provided that thermemal
cost surpasses the previous best result. lihef all open nodes iagain scannetbr the
best cost value, and the guided depth-first search continues anew from that point.

Candidate CMG gimbal trajectories are continugllpduced with this search
technique. The initial trajectories can be of fairlyoor quality,especially incases with
difficult singular configurations dominatintipe current gimbategion, but as the search
progressesthe quality of the accepted trajectories graduatiproves; thecost cutoff,
updated after each trajectory is completed, grows more stringent, and the search wastes less
time exploring poor-cost pathd.he searctprocesscan bestopped wherhe allottedtime
and/or computation resources are exhausted, or teeterminal trajectorgost improves
past a preset threshold.

The above discussion illuminates a major advantage of the guided depth-first search
over A for real-time implementation ithis application. As discussed earlighe A
search can take a very long time to arrive at a solution, due to the high node idgatisity
in the CMG problem. When extended into a region of increaistthe A" formulation
tends toward a guided breadth-fisgtarch, whiclcan be extremely timeonsuming. An
efficient, predictive, heuristic functiomay speedthe A" operationsomewhatput can be
difficult to formulate for CMG systems(apart fromthe cost-cutoff pruning discussed
above). Once the A search produces a solutionwill be near-optimal, but the lengthy
wait may be totally impractical. Thaepth-first solution, onthe otherhand, provides no
claim of optimality, but quickly produces solutions that progressively imprdve search
processcan be halted at anyme, andthe "currentlybest" trajectory implementedvith
some anticipation of its performance.
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3.3) Coordinates, Costs, and Heuristics

The nodes orthe tree searched by theocesses sketched the previoussection
represent CMG gimbal orientations. If the gimbal angles themséves$ Eq. 2)areused
for variation in the searchktrategy,the combinatoric possibilitieg.e. one search variable
for each actuatonjvould preclude rapid search executiofortunately,the kinematics of
the problem simplifythis issue. The 3-axis torque/momentum constrairnEq. 6)
intrinsically removes three degrees of freedom frtma search,leaving the system
redundancy, expressed as null motion, available for variation.

This is illustrated irFig. 27 as &€MG implementation of thevaypoint taskthat
was introduced ifFig. 21. The horizontabxis represents increasing time. edsich point
on this axis, the momentum manager has assigned a stored momentum to tgstangG
hence the difference between these momentum commaadmetntpointsmay be scaled
by their time difference to produce a commandemque. CMG gimbal rates can be
generated t@nswer this torquevia the SR-inverse (Eq. 13). The CMG search then
specifies the direction and magnitude of the null motibn, (Eq. 12)added ateach
discretized timestep in order to avoid singularities and troublesome gionoditions. The
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dimension of the nullspace is the number GMGs minus the degree of the
torque/momentum constraint (generally equaBYo For a4-CMG systemthe search is
consequently run oversxalar variablethus it issimple to implement, and caxecute
quickly. The 4-CMG situation isdepicted inFig. 27. The verticalaxis represents the
signed null component). The searclassigns avalue to% at each discretized point to
avoid (or minimize the impacbf) singular states, thubke verticalaxis representthe free
coordinate used to divert away from problematic configurations igimbal space.
Consequentlythe feedforward output othe CMG search is the discretized function of
applied null motion over time; i.&(t;).

The set of chilchodes expanded fromparentthus span @aange of possiblewull
motion, asdepicted inFig. 28. The centernode representgimbal motion performed
between thawo timesteps without adding null motiong. ¥ = 0 in Eq. 12,and the
SR-inverse solution ispplied without modification. The&odesextending above (and
below) the center denotéransitions between parent and child momentum stiiais
introduce positive (and negative) null motivia a signedvalue of k. The nodes are
generally equally spacedfn and the range ik spanned between upper and lowedes
is normalizedsuch that thenode corresponding tmaximum (or minimum) null motion
runsthe gimbals to within a preset fraction) (of their peak hardwareate limits. The
dynamic range in gimbal rate accessible togbarch is thus set kihe number ofchild
nodes per parent.
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If the SR-inverse solution exhibits at least one CMG gimballed above itsgteak
and this situation can be alleviated by adding null motionk th@ node is suppresséde.
not made available to theearch selection), and only null motioodes withgimbal rates
under peakare allowed. Whereverpossible, thispolicy restricts the search to avoid
selectingnodesthat violatehardwarerate constraints. Ifthe addition of null motion is
unable to reduce the worst-cagmbal rate tdbelow peak, weessentially relent, and only
the’k = 0 node is made available to the search.

Under these coordinateghe "terminalnode” is actually any node atthe last
timestep (i.egenerally whereghe CMGs achieve their final commandedomentum). All
nodes at the rightmost edge of thee (as per ourcconvention in thdigures)are at the last
timestep, hencean be consideretterminal®. Theyall achieve thefinal momentum
command, unless their associated trajectory had become mired in a singular state.

As more CMGs are added, the dimensiorthaf nullspace is likewise incremented,
and the problem can become much mooenplicated;i.e. the amount ofnodes (hence
storage) needecanrise with the power ofthe searchdimension, which isqual to the
number of null degrees dfeedom. Fortunatelythe SGCMG kinematics again allow a
loophole out of this situation. As discussed in Chapter 2, singuldrég@sne much easier
to avoid as moreCMGs are added. Even simple gradient steering techniques begin to
function adequately with 5 or mo&GCMGs in a system.The searchprocessmay not
need towork very hard tamprove a gradient solution in a larger CM@stem, thus the
search can be constrained without sacrificing performaneeihe null vectors can be
searched over independently, resulting imear (as opposed texponential) increase in
the number of nodes vs. search dimension. Other methaglalso be brought to bear to
add further constraints and gain more simplificatioa; asingle-variable search may be
performed over only one nulector, unless aeemingly insurmountable singularity is
encountered, at which point the search switches to varying anotheeaoidr. Additional
approaches may readily be defined to exploit specific CMG characteristics and reduce the
order of a multi-degree-of-null-freedom CMs&earch. In general, howevdahe major
challenge in steeringGCMGs residesvith the minimally-redundand-CMG system,
hence this setup is used in all of the examples discussed in the following chapter.

As mentioned above, each node expanded by the segmasents a specific CMG
gimbal orientation. Anumerical'cost" can be associatedith eachnode to express the
optimality of the corresponding gimbal position, as quantified below:
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m = CMG gain (re. Eq. 7) at node j.

Mmin = Minimum value of CMG gain over path through node j.
hregy = Momentum residual (commanded vs. delivered) at node j.
(A'eo\,er)j = Net gimbal rate above hardware limit at node j.

Joun (i) = 1 KO +1 K0 - 50D

%9 = Null motion added at node J-

The objective function given irEq. 15 is defined to bemaximizedin an
optimization; i.e. the searchworks to maximize the g of the terminalnode. The
summations in Eq. 15 add their arguments back almadree (tracingarents through the
linked list) from node n tahe startnode. They represensums ovetthe nodesalong the
unique path through the tree that terminates at node n, hence are not sums over all expanded
nodes. These sums need not be calculated completely anew at every encoadtsréat
can be recursively updateide. when a newnode is expandedhe current value of the
summation argument is added to firevious sum stored at if@rentnode. The various
terms InEq. 15act toproduce specific CMG steeringsponseand will be discussed
individually below.

The first term is proportional to the minimum value of CMG gain over the trajectory
through node r(it's essentially the infinum ofm). It is generally weighted somewhat
heavily, thus the search workstensively tomaximize theworst-casegain value,thereby
avoiding singular states.

The secondterm approximates the integral of theverse gain. Sinceit's added
negatively,the searctworks tominimize this quantity. It representhe amount otime
spent inthe vicinity of asingular state; the longer the trajectory lingersl@wv gain, the
higher this penalty becomes. Theng)that is summed here damped by ampperlimit
of 10 (formy < 0.1, the singularity is sufficiently severe that differences no longer matter).
In addition, if the (1) falls below 2, it is set taero; thisterm is defined to penalizéme
spent in low-gain statesiot reward high-gainrajectories(this is accomplished by the
terminal cost relation, Eq. 16).

The third term is the amount of momentum residual accumutetexdhe trajectory
through node n. Asnentioned in Chapter 2, th8R-inverse (whichcalculates the
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torque-producing rateganhang-up in a singular state, causitmnsiderable divergence
between commanded and delivered CMG momenta. t&his penalizemodesattached to
trajectories that have been significantly displafrech their commanded momentustate.
The CMG momentum atode n iscalculatedfrom the node'sgimbal configuration and
subtracted fromthe commanded value téorm the residual, which isrecursively
accumulated over the trajectory.

The fourth term acts to prevent nodes from being selected that exhibit CMG gimbals
running over theimaximum allowedates. Since its weight is set velyigh, this term is
assigned the utmost importance in the optimality criterioll EMG gimbals argunning
below peak hardware limit9dOover iS zero,and no amplitude is contributed to the
objective. As the gimbalsurpassheir peaklimits, ABover is Set to the neexcess rate,
hence the penalty increases the more the rate constraint is violated. The over-rate penalty is
also summed recursively across the trajectory, hence represents all excess rates encountered
through node n. In generdahe use ofthe SR-inverse andhe node expansiorpolicy
applied when adding null motion (see discussion of Fig. 28) prevent peak rates from being
exceeded. Situationsan arise, however, where a high-torqugemmandisn't realized
sufficiently by a particular gimbatonfiguration, causing an over-ratesponse. This
objective contribution acts tforbid such states where possibigherwise, if a solution
with legitimate rates is notfound, the searchworks to minimize the netl-norm of
accumulated excesate. Of course, wheimplementing over-ratsolutions,the rates are
clipped to their hardware maxima, producmgmentumerrors in subsequent nodést
are likewise penalized by thb.d term.

The final term in Eq. 15 reduces undesirable side-effects ofmmatlbn. By itself,
the pseudoinverse solution usually generates a very smoothleard gimbal raterofile,
due to its intrinsic 2-norm minimization. Gimbal ratesn increasevhen addingnull
motion; with a small torqu&éommand,the added null motion can often dominate the
solution, especiallywhen the null freedom is discretized to a small number of allowed
levels, as it is undehe node structure imposed by our search protioel Fig. 28). If
it's not needed to skirt a singularity, one would thus prefer adittiegor no null motion.

This is encouraged bthe first term in theexpression for yl; (i.e. the sum of null
amplitudes across the trajectory). Even potentiatlysethan large unneeded null motion
is a null policy that often switches the null vector rapidly onf& or continually ramps it
between positive and negatiegtremes. These solutiomsll produce appreciablehatter

in the systemthat can vibrate thepacecraft, consumpower, and perhapsventually
degrade the CMG hardware. These considerations are addregkeddgondtierm in the
expression foryly . Thistermrepresentshe magnitude of the difference between null
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motion added at successive nodes of the trajectory (i.e. a discrete time derivativautif the
motion factork(t)). This term acts to penalize trajectories exhibiting high-frequgimsigal
chatter and prefers solutions with more constant, steady gimbal motion.

The searchsoftware iscapable of adding anothéerm into Eq. 15 that is
proportional to the value oh calculated ahode n. This is essentially an "instantaneous”
cost, since ithas no "memory" of itgarent trajectory, ashe other termslo. This
contribution is only added when the search is propagatiogahdepth-first trajectory, and
is omittedwhen calculating the terminatost (as discussed below), or scanningdpen
nodes upon which tgraft anew trajectory. Thisermdoesindeed cause the depth-first
trajectories to follow the local gradient, uas seen tgenerally impede convergence to a
superiorglobal solution inthe testexamples, thus its weight is setzaro and it is not
included in the objective calculation (hence it's not listed in Eq. 15).

When the search propagates a trajectorgugh tothe terminal momenturstate, a
special "terminal cost" is calculated:

16) o = Q"+W6(I%)Z m)

Here, ¢ is the conventionatost of node n (which is terminal), aslculatedirom
Eq. 15. The summation is defined recursively diertrajectory(as withEq. 15),and its
argumentm; is the CMGgain. After dividing by the number of trajectorsteps (N), a
meanCMG gain is calculated. Adding thisrm into thecost definition,trajectories with
higher average gain tend to be favored in an objective maximization. The terms in the node
costs (Eg. 15) workednainly to penalizelow-gain states,and not explicitly reward
trajectories with high average gain. Timean gain is accountddr here; after a trajectory
hasbeen propagated to the termisgdte,the terminalcost iscalculated viaEg. 16, and
compared to the terminabst ofthe previous "best" trajectory. If it is found to Ibetter
(i.e. larger),this newtrajectory inherits thébest" status. This process wilisstrated in
the logic of Fig. 26.

The conventional cost (Eq. 15) thfe terminainode onthe "best trajectory” is also
preserved athe "cost cutoff”, which is used to suppremseploration of inferiopaths, as
discussed in Se®.2. Asthe searctprogressesbetter pathsare discoveredhence this
cutoff becomes more stringent, and the search grows more efficient.
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Optimizations ofthis sortcan fall prey tolocal minima;i.e. in some cases, the
search can rapidly converge to the neighborhood of a quasi-optimal trajectory and devote all
of its effort into expanding nodes the same region of theee, potentially missingbetter
solutions that are far removed. In ordecit@umvent thismyopia,another cosamplitude
has been developed to augment the objective. A 2-dimensional histogram is mathtined
counts the number of times the search scans all open nodes and returns to start a path from
discretized zones in the search tree. This array is addngas®b indices. One ofthese
coordinates is simply the timestep (e level or horizontdk] axis in the figures). The
other coordinate is the integer value of the integrated null metamdinate, with the
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displacement added at each timestep first scaled by the number of children per parent node
(vertical axis [y] in the figures). Each time the search starts apatlyrafts onto an open
node) from a point inthe tree,the histogram biraddressed by its x and y coordinates is
incremented. A qualitative depiction of histogram quantization of x a@reeyositions is
given in Fig. 29 for a single degree-of-freedom search with 3 children per node.

When searchingll open nodes tselect thenode on which to graft aew search
path, aweighted value of the histogram contefasldressed ahe node in question) is
subtracted from the objective. If the search has frequently revisited a localized region of the
tree, its addressed histogram buill contain a largevalue, hence nodes in this
neighborhood will have inferior cost, and the search will be encouraged to geaftath
elsewhere. Ideally, a cost of this sewll generate a search stratetipat spreads itdrials
acrossthe tree. The logarithmic dependence of the y-coordinate scale on the negative
x-coordinate, howevenyill compress darge number ofmodesinto single bins at the
rightmost regions of the tree, where the node density is very highdthmimber ohodes
at any timestep is the number of child nodes per parent raised fiovilee ofthe tree level
[or x-coordinate]). As a result, this cagintributionhas itsgreatest discrimination at the
lower levels of the tree, before the branching density grows too large.

As the searclprogresses, it should k@lowed tonarrow its scrutinydown to a
more localregion, thus this costmplitude is exponentially reduced edghe thelist of
open nodes is examined. In summary:

17) Q= G- aWg M(X,IY)
Where:

c?] = Node cost used when testing all open nodes for new graft point.

cn = Node cost per Eqg. 15.

o = Exponentially decreasing weight. Initiatty= 1, and after each node scan,
o « ya, wherey < 1 is the attenuation factor.

W = Static cost amplitude.

M = Tree visitation "grid" histogram.

IX = Tree level (timestep or horizontal coordinate in Figs.).

lY = Logarithmically scaled integral of node index in the null motion (vertical)
coordinate.

The definition of a predictive heuristic functidar a CMG system is somewhat

difficult. Known characteristics of particulGCMG arraysould be loaded into a large
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lookup table, and consulted online to construct values;forTihis has nobeen attempted

in the current study; the actuglih Eq. 14 is essentiallyero,and thenode cost is defined
through Egs. 15-17. Aeffective h function, however, islynamically "learned” via the
adjustment of thecost cutoff, whichaccomplishes theluty of a heuristic in pruning
fruitless search pathsg. the searcldoesn'twaste resources exploringpath if its cost
drops below that of a trajectory that has previously made it to the terminal state. The search
thus effectively learns its "cutoff" heuristic; initially it is set very low, but as trajectories are
generated, it quicklyises andoecomes more discriminating. In order to set this cutoff
appropriately and gain a base of opwdesthat may be graftedipon and expanded,
several guided depth-firgtial trajectories areun to the terminal statéefore the search
itself is begun. Thefirst three are quitestraightforward; one with no null motion (only
applying theSR-inverse)one with null motion set to its positive limit, and another with
null motion set to its negative limit. If more than three children are allowedaquks, other

trial trajectories ar@erformed, withnull motion set to the sammtermediate level at each
step (the total number of such trials performed is equal to the number of childmodpgr
The next trial is a straightforward gradient approachthebest-costhild node isalways
selectedfor expansion. The final trial is a discretgersion ofthe "indirect avoidance"
method of Ref. [34]. If all child nodes project all their CM@orsinto the hemisphere of
the torque command, the best-cost child node is selémtexkpansion, as ithe previous
gradientscheme. If, howevechild nodesexist with at least one CM@otor projecting
negatively ontathe torquerequest,the node exhibitinggimbal positionsthat yield the
smallest magnitude of net negativator projection isselectedfor expansion. In this
fashion, the rotorare"unkinked" and move intthe hemisphere of the torqaemmand,
thereby disfavoring standard singular CMG states \aittiparallel rotor alignments (as
discussed in Chapter 2).

After thesetrial trajectories areompleted, the seardbegins in earnest to modify
and improve on them. Additional measures can cut the complexity of the pearels to
increase execution speed and reduce needed node storage. Otweelsuigbe is to reduce
the depth of the tree, thereby exponentially reducing the nodal densitytetntireal state.
The CMG search doesn't necessarily require a high bandwidth on null motion changes; the
CMG systemcan beforward integrated at a significantly finelevel than thetree's
horizontal nodespacing, thussearch decisionare made at intervals that are several
integration steps long. By matching the horizontal node spacing to the needed spdled of
motion response, the intermediate gimbal states,thieudensity of the seardhee,can be
reduced appreciably, and near real-time applications become more feasible.
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Figure 30: Logic for Orbital Implementation of Search-Based CMG Steering

3.4) Flight Implementation

A diagram is given inFig. 30 to illustrate the on-orbit application of
search-based CMG steering approach. In mespects, Fig. 30 is aore detailed
CMG-specific adaptation of th@esignthatwasintroduced inFig. 20. Aforecast of the
anticipatedCMG-storedmomentum(i.e. a90-minute orbit-to-orbit prediction) is assumed
to be produced by an onboarcmentummanager. The CMG search routine is executed
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to find a feedforwardjimbal trajectory thahnswers thisnomentumprofile. Ideally, the
search is only needed ton once perorbit, and more ofter(as required) ifsignificant
unmodeled disturbance torqua® present. The searctusesits allotted time toglobally
perfect gimbal trajectories; since the depth-first approacises,the search may bealted
at any time, and the best calculated solution put into service.

The outputs ofthe search are torque commar(®) and null vector scaling(t)
historiesthat are implemented by a simp&MG steeringlaw, running in astandard
high-rate real-time loop. This is a tangent steering(awa Eq. 12),that calculate®oth
the SR-inverse (foB, in response tthe input torqueeommand), andhull vector(s) from

the currently measured CMG gimbstiate. Itsinput torqgue command is formed by
compensating the current value of scheduled torque otriput the CMG search and
momentum managemerutines with anestimate ofany disturbance via &op closed
around the vehicle dynamics (needed to force the spacecraft to track the comstatejed
In the ideal caséwithout any disturbance}he vehicle accuratelfollows the prescribed
trajectory, and the simple steering law dritles CMGs exactly as anticipated in the CMG
search.

The singularity-avoiding output of the CMG search is a disc¢ireehistory of the
null vector scalingi(t). Asthe low-level steering lawmnswersghe commanded torque via
the SR-inverse, it also calculates a null motion vefpfrom the estimated gimbal state at

eachiteration. Instead of weighting the null motitwcally, as performed fosingularity
avoidance in locasteeringlaws, the value off(t) is taken fromthe search output (at the
currenttime "t", and interpolated fronthe coarser timestepssed inthe search). Inthis
fashion,the steering lawusesthe global search information to manage null motion and
evade singular conditions.

The local nature of theteering law(i.e. calculation oftorque and nulkolutions
relative to theinstantaneous gimbadtate, together with feedback arourtthe vehicle
dynamics) always drivethe system tarack the input torqueommand. The fed-forward
null amplitude’%(t), however, iscalculated by thesearch,relative to a predicted gimbal
angle trajectory. Ithe actual gimbatrajectory, as managed lilge local steeringlaw,
diverges appreciably frorthe predicted patiised inthe search(i.e. due to unmodeled
disturbances)the fed-forwardnull amplitude no longenas any relevance, artde CMG
system will not necessarily produce the anticipated singularity characteristics. Situations of
this sort will be detected by the watchdog regulator task, which contharastual gimbal
angles with their predictions. If significant divergence is detected, s@rexasions may
be taken.
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The simplest remedy is merely to re-start the se#émoim the current gimbal
position, preferably with an updated disturbangeodel. If one is running daiypical
momentum management rat@e. 90 minute period), such aechnique may well be
feasible. Otherwise, if anore rapidresponse isalled for (as inthe midst of a tight
maneuver), other methods could fnersued. The easiesivould be torevert to a tangent
technique for manipulating the null motion; since the feedforkyds no longer valid for
the current gimbal configuration,tangent nultechnique, such as those described earlier,
may deliver more predictablalbeitlimited, performance. As discussedtire previous
chapter, steering lawsan be attractedoward, and lockinto, nearby singularstates,
particularly when driven around a feedback regultitat tries to nuldisturbance and off-
axis torques. In cases where a singularity is closely sKiredhe gaindrops low,circa
below 0.8), the systemmay be preventedrom being drivencompletely singular and
locking up by disabling the feedback and driving the CMGs open-loop while in the singular
region. In this casdahe singular stateean be quickhtransited, and feedback control re-
established (hence nulling aagcumulatecerrors) wherthe gain agaimises onthe other
side of the singularity. Simulations have shown this technique to often givaidl lock,
although at the potential expense of introducing some momentum error.

Several observations on effects of modeling eamerdrawn fromthe simulation
examples presented in the next chapter. In genetaskieen noted that the potential for
gimbal divergence is most acute if the system is forced to closely skirt or transit a singular
state(i.e. the searclwasunable to find a null path arourii] so settledfor the best path
through). The gimbal trajectory predictions become miessreliable after the trajectory
goes singular or nears a singularitgecause of the nature sfich nonlineardynamics,
there is no real means to predictivedee"” through a singular state, wheeeral gimbal
closures (thus possible trajectories) are joined.

This actually aids our cause somewhat. The locations of probable rapid divergence
are known ahead of time to be at the gimbal states where the search had indicated proximity
to a singularity. This allows sonmmntingencies to be takeng. the gimbals can be
constrained to follow garticular pathwhen traversinghe singular statesuch that the
gimbal state igre-known both before arafter the singularity i€rossed. The results of
two feedforward searche&sn then be applied; one leading up to shegular state, and
another fromthe opposite side ofthe singularityonward. This discussionwill be
elaborated in the next chapter.

If one removes the CMG search block from the implementation diagraig.oB80,
the logic is essentially identical to that ofstandard orbitabutopilot. The watchdog
regulator is stillneeded, but inow monitorsthe momentum state of the vehicle and
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re-queuesthe momentum manageupon discovering significant divergence from
prediction. The logic of Fig. 30 pulls aspects othe CMG steerindi.e. the nonlinear
optimization) up to the level of momentum management, wheneowecalculate projected
gimbal trajectories, as well as momentum storage.

Details on thecurrent softwaramplementation are given in the next chapter on
simulation results. Execution requirements seem encouragdgioig application of such
schemes on future spacecraft. The simulations showed promising resultnitiven the

Variable Name Definition Min. Storage (Bytes)

Gain Value Current value of CMG Gain 1
Min. Gain Minimum of CMG gain across Trajectory 1
Parent Pointer Pointer to parent node 2
Gimbal Angles Current Gimbal Angles (4 total) 4x1Y,=6
Open Flag Flag to denote open status of node 1,
Step # Search step at this node 1
Null Value Null motion (k) added at this node 14/,
# Children Number of Children attached to this node 1,
Saturation Value Fraction of total CMG momentum used 1
Integral Cost integrated inverse gain at this node 11/,
X Position X-position in search tree (for plots) 2
Residual Integrated Momentum residual at this node 1
Inull Integer null motion index (+ # children) 1,
IntDsp Integrated null motion (signed)

OvrRte Net Gimbal rates over limit

Null Sum Integrated absolute null motion

Ipat Sign pattern of gimbal angle motion 1,
Gnint Average CMG gain across trajectory 1

Table 1. Node Variables and Minimum Stora ge Requirements

number of expanded nodes to under 6000 (2000 sesteps, each expanding 3child

nodes per parent). The nodal data structure used in the test software is Tictele ih. A

set of values for these parameters is defined at each node that has been opened. The current
test software reserves fll 32-bit machineword for each of thesevalues, which is
somewhat wasteful. Aastimate of the minimum bit fielfounded to 4-biincrements)
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needed to manage G000 node search argédlculate the objectivper Eqs. 15-17with
sufficient accuracy has been listed in the righiumn. These projectionsdicate that the
total bytes/node neededims to 24 although at least 3 of these quantitiedydes)aren't
really required to bestored (the Saturation Value, Rosition, and Intdsp), asthey are
mainly used inmaking plots (onecan become even moegressive anéliminate other
variables, although at some cost in calculatioA(suming, thenthat a datestructure of
roughly 20 bytes per node mdequatefor managing thesearch, a 6000-nodeearch
operation can be performed moughly 120 Kbytes (whichcan be released to other
applications after the search concludes).

On a Macintosh Il computer(68020/68881 processor) runningxtremely
inefficient, diagnostically-oriented, user-friendipftware,the searclwas seen tausually
approach convergence to its best solution wiflzih minutes. Aarge gain inspeed can
easily be realizedhrough tighter coding of the searcalgorithm. The search can be
additionally hastened through application of parallel, dedicated processors, atuemas/
being proposed foreventualuse in space-based robotics[58], resultingecution times
of seconds or less, and enabling near real-time operation.
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4) Simulation Examples

4.1) Simulation Tools

In order to gainexperience withithe application of a directed searchS3GCMG
steering, aninteractive simulation packagkas been assemblefbr the Macintosh Il
computer. Three majorprogramshave beernwritten. An trajectory specification routine
allows the user to interactively define commanded momentum hisfpeiesis wouldarise
from a momentum manager or maneuseheduler). The user can draw momentum
trajectories interactively on the screeith the mouse, omanually type in 3-momentum
values at specified key points (the program interpolatearly betweerthem). Another
program performs the CMG search about these momentum commaociésatisfactory
gimbal trajectorieswhich are analyzed in the final prografor sensitivity tounmodeled
bias torques. Details on software implementation are given in the appendix.

The CMG mounting schemased in this study wadepicted inFig. 9. 1Itis a
conventional "pyramid mount”, where four CMGs are constrained to gimbal on the faces of
a regular pyramid (the gimbakes/c\f are orthogonal to the pyramidces). Each face is
inclined at 54.7° to the horizontal (thus gimbal axes are at the complimentiangi5.3°),
yielding a momentum envelope (Fig. Xhat isroughly sphericafor a 4-CMGarray;i.e.
the authority along the vertical J&axis is similar to the authority that can be projected along
X and Ay. The mimimally-redundan-SGCMG configuration encounters the most
difficulty with singular states, thus presents a significant challenge for CMG stésning
and is usecxclusively in thes¢ests. Most examples assunthat theCMGs start with
initial gimbal angles of zero (as seen in Fig.eXceptwhereexplicitly noted. The CMGs
are all defined to have unit momentum, and a peak gimbal rateasfidn/sec. Naimbal
stops are imposed (although they can be directly accommodateter the search
framework).
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The momentum command profile is specified at 30 discrete time-steps in these
examples (although other timestspacingscan be defined in the trajectory generation
program andautomatically accommodated in teearch and disturbanceutines). The
search integrates its gimbal trajectory (i.e. calculates the SR inverse and null maten)
per step (a linear interpolation is performed to effectively double the number of commanded
points). At each point, the momentum residual ftbepreviousintegration is added into
the new command, forcinthe CMGs totrack the input momentum profile (in actual
spacecraft implementation, this could be replaced by somdtken@ PID controller to
maintain commanded attitude rather than commamdechentum). Search decisions are
made after everyour integration steps (thus anyrajectory is 15 searchodes deep),
although nodeareproduced (thatan be latergrafted upon” and expandedyery two
integration stepsAll of the above search parameters and CMG definitions can be readily
varied interactively, as detailed in the Appendix.

The examples shown here allow only 3 children per parent (hedeegative null
motion, nonull motion, or positivenull motion). Although the tessoftware isable to
employ an arbitrary branchirdensity, this'ternary divert" strategyas seen tgerform
adequately, andninimizes the search complexity and executiequirement. The null
motion scalingr{ in Fig. 28) was chosen such that at least one CMG was driven at 70% of
its peak gimbafate innodes withnull motion added (imodes withoutnull motion, the
rates argroduced bythe SR-inverse alone). Referring Eqg. 15, the objectiveweights
used in this study were W& 20, Wo= 3, Wg= 2, W, = 100 (sec/rad), and ¥¥ 0.05.

The weight on the average gain cost (Eq. 16) wasW.8. Thismixture ofweights was
empirically arrivedat; after manysimulations, it was seen tgenerally producegood
trajectories fairly quickly. The highest weight is on the gimbal ovec@atribution, thus
trajectories exceeding gimbal rate limits are emphaticallyided. The nextmost severe

cost is on the trajectory's minimum gain value; the search initially works quite hard to bring
this value up to a reasonable level, away fithen clutch of asingular state. Solutions are
then selectedor higheraveragegain, low residuals, lowenull motion addition/changes,
etc., as discussed in S&3. Thegrid cost coefficient§Eq. 17) wereset at W = 5.,

o = 0.95 (causing a fairly fast decay of the grid cost contribution).

If the CMG gainm exceeds 1, the weigpt on the identity term of th8R-inverse
(Eq. 13) wasset to zero, producing a pseudoinversalculation. As a singularity is
approached, howeveandm drops below unityp is set to0.1/m, and is not allowed to
grow beyond a ceiling of 0.2 (these settiags similar tathose used ithe work of Refs.
[13,52]). These weights, thresholds, and ceilings can readithdreged duringxecution
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of the CMG search routine, btite values quoted above arged inall of thetestsshown
here.

The programwas limited to 2000 search stefse. parent-to-childexpansions) or
to producingl0,000 nodeswhichevercamefirst (at 3 children peparent,the 2000-step
limit createdonly 6000nodes, thughese examples never encountered 1BgD00-node
limit). This producedairly modest search requirements; withta packing ishould be
possible to run within roughly 120 Kbytes of node storagemnastioned inSec. 3.4).
The search is seen éxecute quite quickly (coded in Absoft FORTRAZN! [Ref. 59] on
the Macintoshl). Considerable trajectory improvement is usually seen witlsicoge or
two of search operatior(se. under aminute of executiorwith the inefficient testcode,
which also generates graphics and wrdeta files while conducting theearch). Afull
2000-step search (which generally not needed to produce workable trajectomat)
completewithin 5-10 minutes. Tightly coded software can easilyspeedthe execution
considerably, possibly enabling real-time operation.

In analyzing the performance of CMG trajectories, it is importakhtav whether
the commanded trajectory approaches momentum saturation. In general, a CMG saturation
index may be defined as the magnitude ratio of the custertdmomentumhs to the
maximum momentum possible to project along the directidm.ofThis may be described
ass = | hy /| hm| ,wherehg is thesum of current CMGmomentaand h,, is maximum
momentum that th€MG array can project along tling direction. Fordouble gimballed
CMGs withoutrestrictive gimbalstops, s is very easy to calculate, sinbg is a simple
vector sum anglhy| is just the scalar sum of ronsomenta. Fosingle gimballedCMGs,
however, the situation is somewhat more complicated, since the catorsot generally be
precisely aligned with any orientation 6. This gives rise tahe dimples on the
momentum envelope surface, illustrated in Figs. 11 & 12, and discussed in Sec. 2.3.

A methodfor approximatings hasbeen derived iRef. [17] for single gimballed
CMGs. Since theSGCMGscan notalwaysalign theirrotors precisely along the desired
direction, the closespossiblealignment isused incalculating their contribution to the
momentumenvelope. When oriented in thigashion, SGCMGscan produce dinite
momentum component perpendicular to the desired final state. This must also be absorbed
by the CMGsystem,and is accountefbr by being subtracted in quadrature from the
projected momentum envelope. The calculation of the effddtije may thus be detailed:

18) | A :W/(hp'ﬂs)2'|hp)(ﬁs|2
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N
Where: hy=§ hy, (sum of projected momenta)
p PG)
=1

hwo = |1y unit| h -(a;+hy) o |

The vectorhy, representshe orientation of CMQotor #j that hasthe maximum
projection onto the desired final stte Thevalue of| hy| calculated inEq. 18 is used to
form the ratio with hg] and thuscalculate thesaturation indexs. This quantity isused by
the search taletectproximity to the momentum envelope;sirises beyond 0.95 when a
node is expandedhe momentum envelope @&ssumed to be nearbgnd the CMG gain
valuem of the parennhode is adopted sthe search will notonfusethe (unavoidable)
momentum saturation with an (avoidable) internal singstiie, and thusclude it in the
optimization.

A methodhas been oftendiscussed irthe literature(Refs. [12,13,33,48,49,50])
through which a singulastate can be tested to determine whether it is escapable or
inescapable via nuthotion. Omitting thederivation, which is given irall of the above
references, the basic technique involves testing the quadratic form:

19) [Q =[N ITIPIl N ]
Where: [P] :diag(his eu), i=1.2,..,N

In the case of gingular 4-SGCMG systemQ[ will be a %2 matrix, thuswill
produce two eigenvalues. If both are positivg), if positive definite, thushe singularity
is classed "elliptic", and inescapable via noibtion. Otherwisenull motion should
theoretically be able to relieve th&ingular condition (other inescapabtiegenerate
conditions may be possible @] is semidefinite, as discussed[80], but theseshouldn't
occur in a 4-SGCMG system with equal rotor momenta). The m(N_ § [s the nullspace
basis, and, in the vicinity of a singularity, it is composed of two 4-vecfbngse vectors
may befound through a singularalue decomposition of the augmented CMG Jacobian
(retaining thetwo right row vectors corresponding tbetwo smallest singular values as
the null basis[51]). The vectardenotes the singular direction, andah be approximated
by taking the mean orientation ofoss productbetween the CMGacobian's columns.
The vectoré_wiS are merely the CMG momentum vectgrsalculated at the singular state.
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The two eigenvalues of(@] can be plottedcacrosscandidate gimbal trajectories to

yield additional information on singular statbat areencountered. Sindbe ingredients
[N ] and u are meaninglesaway from a singular conditionthe eigenvalues are

"windowed" onthe plots by scaling by (1 m)2 [where ifm > 10 m = 1]. In this
fashion, the plotted eigenvalues are forced to zero away from a singularity (where they are
ill-defined), and allowed to take finite values near a singular state, where their polarities and
magnitudes attain meaning.

A singularity analysis is presented with examplest encountesingular states.

This is a set of plotshat include the eigenvalues mentiorsabve, aprojection of the
torque command ontthe singular direction (to keethe plotted projection close to zero
away from a singular region, where it has no definition, it is stsded by the (1 m)2
factor used above)and a sum rotoorientations that determindsw rotor vectors are
mutually "kinked"; i.e. whether the system is in a OH, 2H, or 4H state.

Topographic plots of CMG gaimmtaken around a specific gimbal trajectory are one
of the major tools used in summarizing the operation and performance of thes€ivich.
These plotsare frequentlyused hereand can benitially somewhat confusing, thus an
explanation is provided below, before the start of the next section. Figure 31 shows such a
topographicplot, with alegend thatmapsthe shadinglevel to arange in the CM&ain.

This shading thusndicates the quality of the CMG stateat is derived byarying the
amount of null motion added to the SR inverse solution (i.e. sweeping the vélire Bf.
12). The darker the underlyinghade,the better thecorresponding CMGstate(i.e. the
darkness othe shading is discretely proportional the CMG gainm). At each vertical
step,these plotshowthe gain of CMG statethat will be produced fronthe trajectory's
previous CMGstate (i.e. atthe parentnode below) by answerinthe current torque
command with the SR-inverse, while sweeping null mofidmif to the maximum allowed
amount in both positive (right) and negative (lefifections. The sampling on thegaots
is somewhat coarse (thuke jaggedblocks), but still adequate to glean good
representation of th&ajectory's performanceThese plotsare similar in nature to the
topographic projections label £ (H) that appeared in Ref. [35].

The overlaid curve follows the chosen node-to-node trajectory. When the trajectory
is displaced at left or right of center, null motion is being added intsdllséion (center is
no null motion, left is negative null, right is positive null). The example of Fig. 31 allowed
up to 5 values of to be specifiedi.e. there were 5 children per parembde), thus the
overlaid trajectory is capable of attainingpsitions alonghe horizontakxis (i.e. two at
left, two at right, and center). Althoughe CMG search routine can be specified to allow
an arbitrary number of children per parent node (and ttast@mnatically reflected iplots
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such as Fig. 31), the examples shown here used only three nogesguefas mentioned
earlier), thus the topographic plots shown in this section will have overlaid dhatesan
attain only 3 horizontal values; i.e. left edge, center, and eidbe.The trajectorystarts at
the initial CMG state at the bottom of thelot, and achieves the final commanded
momentum statéprovidedthat thesystemwasn't hung ugenroute in a singularity) at the
top edge. The characterstring printed at lower right summarizése node-to-node
progression of the overlaid trajectory. A "0" denotes a tstiegn without adding angull
motion. A "+" or "-" denotes maximum null motion addedhe corresponding direction,
while ">" or "<" denote the addition of intermediate null motion values. fildr@amefrom
which the momentum command was taken is printed at lower left.

//
4 A —
B 7. i
B m<i76
. m<1.430 "'EJ
m<1.144 =
m < 0.858
m<0.572
m < 0.286
- J
Kuro(Al).Hcmd 0- - +<>>+++00000 000 00> >>><>>0<0>
- NULL -

Figure 31: Key to Topographic CMG Gain Plots

One must bear in mindhat thesetopographic mapsre not takerover simple
Euclidean planegas isthe casewith analogous plotshown intrajectory optimization
applications[4]), but are 2-dimensional slices projected along nonlinear faharound
the plotted gimbal trajectory) in a 4-dimensional gimbphce. As suchthey can be
counterintuitive. For example, in a Euclidean plane, a trajectory that starts outanttre
then moves left, then an equal amount right before returning to center againnaillip at
exactly the same end state as a trajectorysthged at centall theway through. This is
not necessarily sbere, aghe gimbal configuratiomttained bypulsing null motionback
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and forth along atangent torque solutiorcan be very different from the gimbal
configurationthat is obtained byapplying the torquesolution straight through without
adding null motion. This is illustrated in Fig. 32, which shows two topograyatiic plots
derived from such a situation. The one at left (a) shows the gain of the gimbattsiagzl
by applying theSR-inverse solution to a torgquommand without adding null motion
(forming acenterline). The plot at right(b) showsthe response tdhe same torque
commandsequencegexceptnow null motion is added in equal negative positive and
negative pulses at the beginning of tast, before continuingpnward withthe SR-inverse
solution without further modificationOne carseethat thetwo trajectories indeetdecame
quite different. If the systemacted as a Euclideaplane, bothtrajectorieswould still
encounter the same gimbal states after the null zigazagintroduced in plot b. As
mentioned earlietthe search is executeder atree thatlinks each gimbal statevith its
predecessor; it is not run on a flat plane, drebe plot ar@nly projections. Despitesuch
drawbacks, these topographic plotsyield significantinsight, aswill be demonstrated in
the subsequent simulation examples.

—

(X)(Y).Hemd 000000000000 MO00000000000000 (X)(Y).Hecmd 0-+-00000000000000000000000000

a) No Null Motion Added b) Null Motion Zig-Zag at Start

Figure 32: Dependence of CMG Trajectory on Sequence of Added Null Motion

Although these plots show a profile the CMGgain, the optimizatiorused in the
search does not work to maximize the gain at each node, but rather a sum of different terms
as expressed in Eg. 1%ne carthusfrequently see the trajectodrawn overthese plots
not following a gradient im and not being adjusted at every opportunity to glean a larger
m value. One must bear in mindhat the gradient of the objecti(&qg. 15), which is
optimized by the search, can differ substantially from the standfardSearch simulations
that included the locdllm directly into the objectivevere indeed seen to follotine local
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gradient on theseplots, but generally had trouble locatinguperior solutions. As
mentioned in Chapter Zuch gradient-based steering laga have significant difficulty
overcominglocal minima. Usingthe objective ofEg. 15, solutionsvere seen tanitially

raise the minimunm encountered on the trajectgiphus avoid thesingularity), thenwork

on raising the value afn elsewhere (agncouraged by the integral inverse gtm in

Eq. 15 and the terminal cost of Eq. 16), usually achieving much better results than with the
objective driven byIm.

The exampleshownhere do not consider a spacecraft model and/or equations of
motion (circaEqgs. 3,4). The feedforward angulamomentum profile output from a
momentum manager (here substituted by the trajectory definition routiaskusned to
already include orbital effectsuch asEuler coupling), thusthe search and disturbance
routines produce CM@imbal motion thatfollows these momentum trajectories directly,
and do not need to consider spaceatgftamics. The spacecraft reaction to the resulting
CMG momentum history can be calculated by Eqgs. 3 and 4.

The tests summarized in thalowing sectionshowthe CMG search performance
for avariety of momentum commarskquences whichre known toencounter singular
states. These gimbal trajectories are examiried their sensitivity to unmodeled secular
torques in the final section of this chapter.
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4.2) CMG Search Examples

In this section, the performance the CMG search will be exhibited and analyzed
through several simulatioexamples. The first example to be investigateeimploys a
constant torque command about the >axis. Such casehave been studied
previously[11,13,49,52,55] for the 4-SGCMG pyramid, and several existing steering laws
can encounter difficultywith the unescapablsingular statethat lurks at anet CMG
momentum of h= 1.15.

The momentum command sequence is plottegign 33a. The solid ramp is the
commanded linear increase in €MG momentum (realized by integrating the constant
torque), while the dotted line along the horizontal axes indicates that stmzlﬂ\z momenta
are to remairzero. The plot inFig. 33b showghe saturation indefeq. 18) for a CMG
trajectory that attained the commanded final-statanentum. This command sequence
usesslightly over half ofthe available&CMG momentum, and finishes far froitme 100%
saturation limit (depicted by the dotted line).
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Figure 33: Momentum Command & Saturation Index for Constant x " Torque

The initial trial gimbalsolution pursued bthe search startup routineses nonull
motion, andapplies onlythe SR-inverse tocalculate gimbalrates. The singularity
mentioned above is readily encountered ,atEHhL.15, asexpected. Fig. 34 presents an
analysis of this trajectory and singulstate, using some ahe quantities thatvere
introduced in the previous section. Fig. 34a plots both eigenvalidles Qfmatrix defined
in Eq. 19(scaled by an inverse function of the CMG gsurchthat significantvalues are
plotted only in singularegions). Aghe singular state developg®eyond stepl3), both
eigenvalues are seen to be positive, indicating a definitence an "ellipticsingularstate
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that is inescapable via nutiotion. Since thesingular direction igotally alignedwith the
momentum (torqgueommand, as seen the rise to unity ofthe projection plot inFig.

34b, the SR-inverse isinable to produce gimbal rates of significant magnitude after the
singularity is approached, hentte system remains "locked" ithe singular configuration
(some small rates are created, leading to the changes in the eigenvaliges3di,but the
system essentially stays singular).
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Figure 34: Singularity Analysis for Constant x Torque

The bottomtwo plots ofFig. 34 showthe sum ofthe signs of rotorprojections
onto the net CMG momentum, yielding an insight into how "kinkéd"CMG linkage has
become at each trajectasiep. Usinghe terminology of Chapter 2, sum of O yields a
2-against-2 "OH" state, a sum ofylelds a 3-against-12H" state, while a sum of 4
indicatesall rotors pointinginto the same hemisphere (@H" state). The plot atleft
(Fig. 34c) shows the sign sum fitre SR-onlytrajectory; one can sdhat the singularity
is a "2H" rotor configuration, asxpectedfor most elliptic states. The plot at right
(Fig. 34d) showsthe sign sum for atrajectory thatsuccessfully achievethe terminal
momentumstate. One canseethat the CMG system transitshe "2H" configuration
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(through a nonsingular state, as will be seen in the later plots), and finishesmuithadly
directed "4H" rotor arrangement.

Figs. 35-38 depict how the "currently best" trajectory adopted by the search evolves
as the search progresses. Each plot corresponds to thetf@yestoryfound thusfar; the
results ofthe initial "trial" with no null motion added (a@are shown inthe upper left
corners,and the othesolutions adopted as "besdte shown sequentially as theusurp
their predecessor.The terminalcost of the correspondingtrajectory (Eq. 16) and the
number of nodes currently expanded are listed in the captions of each plot.

Fig. 35 shows the topographgain plots, as were discussed in Sécl. Plot (a)
is the initial trialconsisting ofthe SR inversenly, with no added nulimotion. Thirty
nodes were expanded at this trial, andohfective evaluatiofEq. 16) of -14.2 was
achieved. The gimbal angle plafFig. 37a) indicateshat the commanded xorque was
attained by"scissoring” two opposing gimbalsyhile leaving the othertwo nearly
unaltered. The performance was quuter, asseen fronthe plot of the CMG gailfFig.
36a); a hard singular conditiamas held from timestep 2®2nward (this ishe unescapable
singularity at R = 1.15). Since thesingular direction is aligned witthe commanded
torque (aswas shown in Fig. 34athe SR inversgroduces nagyimbal rates after the
singularity is achieved, and sizeable momentum errors are accumulated. This is seen in the
plot of net CMG momentum (Fig. 38a), whishowsthe X momentum plateauing before
the terminal momentum state is reached (yet the CMG system is still well imeloentum
saturation).

The following accepted trajecto() is atrial result employing a constanegative
null motion. The terminal momentum commandresached, andhe cost is considerably
better(-0.23), but thesystemstill skirts singular states (although avolmsng hung up),
and exhibits a noisy momentum profile and large addednmatiion. These drive the cost
negative, hence there is still ample room for improvement.

The next accepted trajectory (c) is an early result fronsélaech. The performance
is considerably better, excepting a quick brush with a singular state at steph#28earch
thereupon rapidly improvethe solution in stepgd-g). The dip in the CMG gairthat
indicated the approach of the singular state is quiekiyoved, andhe average CMG gain
is considerably increased, producing a highly controllable gimbal state. The last trajectories
(e,f,g) demonstrate the operation of the null motibjectivecomponent. Sincthe CMG
gain is high throughouall of these trajectories, the null objective contribution becomes
significant. Frequent changes in null motiare disfavored. The final solution(g), after
456 node expansions, wable to avoid thesingularity with a single null motiopulse,
achieving an objective evaluation of +21.0.
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Figure 35: Evolution of Search Solutions for Constant Torque Along X " AXxis
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This example is the same as given in giert report, Ref. [60]. Due to space
limitations, however, Ref. [60] omittetie plots for results b & d. As thidocument has
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no such length constrairdll intermediatesearch trajectories are presented in the examples
shown here.

Small "bumps" are seen inthe momentunprofiles of Fig. 38(apart fromtheir
somewhat wrinkly appearance, which is onlyaatifact of the Macintoskyraphics); these
can bemostclearly discerned as slighkinks in the linear x ramp as seen ithe later
trajectories (d-g). They are associated with the introduction ofmation, andare caused
by errors in the calculated null displacements (these are "tangent” calculexietty, valid
only at one set of gimbal angles). Trh@n be reduced by a finer integration of the CMG
kinematics(which will causethe search téake proportionally longer), or by specifying a
smallerlimit on thenull gimbal rate scalingrn(in Fig. 28). Since momentunerrors are
feedback-compensated between successive ssi@o steady-state momentushifts are
rejected (to control vehicle attitude, however, a second-ordieredback loop will be
necessary). The momentum residual contributioiecobjective ofeq. 15 also works to
minimize theseerrors. Such coarsmtegration steps (andresultant small momentum
errors) appear to be adequdiar the searchwhen the searchresultsare realized in a
higher-bandwidth controllefFig. 30) running a fastantegration on finettimesteps, the
momentumerrorsare bettecompensated, ardtle divergence is generally seen from the
gimbal profile forecast by the search (see Sec. 4.4).

Since these examples employ a 3-state null amplit@dg(-,o,ﬂ, the gimbal
angles will be driven in an impulsive fashion. If it becomes problematic, this situation can
be relieved in a variety of manners; i.e. allowing the search toinigknediatevalues ofk
and yielding widedynamicrange, or by searching ov#ére changein % rather than the
absolutek (and limiting this change to a modest value).

Figure 39 shows a summary thie search performance; parameters are plotted for
the acceptetbest trajectories” as a function tife number ohodes expanded before the
trajectory was discoveredlhe terminalcost ofeach trajectory is plotted o). Here we
see a steady improvement @ost, seeming to begin saturating at the final discovered
trajectory (note that the last trajectowas found after 500 expands, buthe search
continues through 2000 expands; beidter trajectoriesvere found). The primary factors
going into the terminal cost are plotted for each successive trajectory in (a). The "minimum
gain" is the infinum ofm over the trajectory (maximized by thgearch),the "integral
inverse gain" is thaccumulated b thatwas described ithe discussion of Eq. 15 (this
guantity expressethe amount ofime spent in a singular region, andnsnimized by the
search), andhe "average gain" is the correction duenteanm that was added to the
objective in Eq. 16 (maximized by thesearch). The first solution plotted at left
(corresponding tdhe trial without null motion) is trulyabysmal, withlarge integrated
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inverse gain (indicating lots dime spent in a singular situationzero minimum gain
(indicating thesingular presence), and loaveragegain. A large improvement in the
integral inverse gain was attained after the isektition, since the trajectoryas nolonger
hung-up in a singularity.These quantities aml gradually improved by the searcimtil
they start to show a plateau at the last solution.

In the next example,the CMGs respond toequal torques simultaneously
commanded about the +and f\y axes fz torque remaingero). A set of singulastates
that are extremely difficult to avoid ar&nown to be encountered through this
command[52]. The momentum command and saturation index are plédtethe initial
trial trajectory (which successfully made it to the terminal momentum state) in Fig. 40. The
saturation level (Fig. 40b) at the terminal state is seen to be significantly higher than in the
previous example (Fig. 33b), but the CMG systgith remains well within itsmomentum

envelope.
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Figure 40: Momentum Command & Saturation Index for Constant >’(\, -f Torque

A singularity analysis for this example is given in Fig. 4lhe left columnshows
results for the initial trial trajectory (with no null motion), and the right column gives results
for the final trajectory deeméibest” bythe search before quit. The eigenvalues plotted
in the toprow (a) are clearly ofopposite sign duringhe singular encounters of both
trajectories, indicating null-motion escapable "hyperbobafigularities. There is no
significant projection of the torque command otite singular direction, however, as seen
by the near-zero value of tipdots shown irthe middlerow (b). Thisindicates that the
singularity will not affect the CMGutput, since no torque is needed along the singular
axis, hence the system will "sail through" this singular configuration.

Any disturbance torques that might project otitesingular direction willalter this
situation, however, andould produce a large deleterious effekiring the singular
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encounter. The rotor sign sums (c) show that both trajectories transitioned rapidly from OH
to 4H. Thistransition occurred througthe singular state (arfunkinking™) in both
solutions. In the best solution found by the search, this closure transition occurred earlier.

The evolution of the "best" search solution is shown in Figs. 42-45. The tngial
with no null motion (a) produces the commanaedquue by scissoringll 4 gimbals, as
seen in Fig. 44.The CMG gain plot(Fig. 43), showsthat asingularity is achieved at
timestep 18. Because the singular direction is not alignedtiatitorque command in this
case,the system isable to transithroughthe singularity andcomplete the momentum
command(Fig. 45). Nonethelesghe singular region ispotentially unstable, and the
objective encourages this encounter to be removed or minimized.

The next accepted attempt (b) is the wi#h all negative nulimotion. Although a
singular state is not so closepproached, near-singular encountars frequent and
significant momentum residual is accumulated. The following accepted trajémtasythe
trial which tries to locally'unkink” the rotor projections througthe method oRef. [34].

Here, aninitial shot ofnull motion pullsthe system past a singularity #ie start of the
trajectory, after which a very high CMG gainashieved (summarized nicely in ttegpo-

graphic plot ofFig. 42). The following solution (d) islocated by thesearch, and uses
excessively changing null motion to further reduce the time spent near the singular state and
keepm large. This isadditionally improved onsolutions (e-g) specifysimilar gimbal
trajectories (a variant on the unkinking technique) that spend only a very brief period near a
singular configuration, wittminimal null pulsing added. Solutions e-g vary subtly; the
search adjusted thaene atwhich the nullpulsing occurred by only a single step or two
(yielding a small improvement im, as seen in Fig. 43), but kept the same fornt .

In this examplethe singular state appears to be unavoidable with dbramand
sequence and theonstraints (i.epeak gimbal rates) imposed on the CM@&tem (even
thoughthe singularitywas hyperbolic innature). The search did itbest, however, to
minimize both the approach to the singularity and the periodiraé spent at low CMG
gain, as dictated by the objective of Eq. 15 and predictdtidxyiscussiorassociated with
Fig. 23. All solutions wereable to attain their commanded terminal momensiiate, as
seen in Fig. 45.
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Fig. 46 showsthe parametrisummary of search performanfaa this example.
The cost function is seen to quickly improve after initial trial solutions (first 3 points),
then grow better as the searckxecutes, and reaches ptateauwith the last three
trajectories, which have only subtle cost difference. In Fig. 46acameedhat thecost
improvement was due mainly to lower integral inverse gain (meaningrtesspent near a
singularity) rather than a larger minimum gain, which stayed near zero.

This examplewas also presented in Ref. [60], whefaggain due to space
constraints) trajectories b, e, & g wemmitted (b is a triawith little consequence, and
solutions e,f,g are nearly identical).

The next examplemploys acyclic commandsequence aboutl 3 axes (thus it's
dubbedthe "ZigZag" maneuver). It waguickly drawn with the mouse as a rough
approximation of a cyclidorque sequencéhat may be vaguely typical of the orbital
environment (ie.gravity gradient and aerodynantarques). This sequence is somewhat
interesting, as it transithe vicinity of severasingular states.The momentum command
and saturation index (for the final solution) are shown above in FigTh&. CMG system
is only driven to half of its momentum capacity, thus stays well below saturation.
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a) Commanded Momentum History b) CMG Saturation Index

Figure 47: Momentum Command & Saturation Index for Zig-Zag Sequence

The singularityanalysis for this system is shown in Fig. @8itial and final
trajectoryresultsaregiven). Inthe initial no-null motioncase,the plot indicates a hard
singularity (becoming elliptic, as both eigenvalues go positi@)) and aarge torque
projection onto a singular directi¢h), certainly a recipdor trouble. The final trajectory
displays a narrower singular encounter widss torqueprojection ontothe singular
direction. The rotor configurations (c) were seen to stay thedkinked" 2H level in the
initial trajectory (which can lead to difficulisingularities), but were moved out to superior
4H orientations in the final solution.
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Figure 48: Singularity Analysis for Zig-Zag Maneuver
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The "best" zig-zag solutions found bythe search arshown is shown in Figs.
49-52. The initial trial is indeed seen to linger in a singular configuration, as see&n in
50a, resulting in considerable distortionté resultant momentulfrig. 52a). Nospace
remained on thespages tanclude the trialwith negative null motioronly, which was
accepted a%best"immediately after the initial trialvith no nullmotion. The all-negative
trajectorywas ofmediocrequality, and wasmmediatelysupplanted by thérial with all
positive null motion (shown as trajectory (b)). Thgectory is somewhdietter, butstill
spendsconsiderabldime near singularstates. The "unkinking" trial (c) showsdefinite
improvement; thesingular encounter imited to ashort pulse athe beginning of the
trajectory, whereghe gimbalswere "snapped” through a singuktate and into detter
orientation. The search results (d-h) worked to improve this soluBacause of its high
weight in the objective, the seargforked most vigorously teaise the minimum gain
value, achieving a small degree of success by trajectory (h). The objective contthaition
tries to increase the average trajectory gain participated in raising tradue of theerminal
nodes in the last few trajectories accepted.

The final solution located by thesearch consisted of a broad positive null pulse
followed by a briefer negative transigitig. 49). Thelong null pulse,coupled with the
close skirting of the singularity, did produce some small distorticheofCMG momentum
history (Fig. 53h). On search rutisat weighted the momentum residual more heavily in
the objective, the final solution had les®mentum error; the lasblutionaccepted tended
to be a minor variant of the "unkinking" trial of trajectqoy, which isquite faithful to the
momentum command sequence (Fig. 53c).

Figure 46 depicts a summary of holne "best" search solution evolved. Looking
at the trajectorgosts inplot (b), one seeshat the largest benefiiccurred in the 4rial
solutions (0 null, - null, + null, unkinking). Plot (a)dicates that that thesenefitscame
mainly from a decrease ithe integral invers@ain, insuinatingthat the later trajectories
spent lesgime near singularities.The search theworked toincrease the minimum gain
value, and had only marginal success, as can be sdélemlawer curve in plot (a) and the
slowly increasing objective function in plgb). The increase in average due to the
higher gain of theéerminal states in the lashccepted trajectories can been as amall
upturn in the closely-dotted curve plotted in (a).

The next example takes tl@&MG system up to its envelope, and pasbes2H
elliptical singular states seen as thibbons" leading to the "petals” ddimples” that join
the envelope irFig. 15. These states casreate difficulty in attaining neEMG momenta
near the envelope, as related by Ref. [61].
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The momentum commartdstory is summarized iRig. 54a; it is a triangle along
the X axis, superimposedtop a delayed ramp about the axis (y momentum is
commanded to remairero). Referring tahe pyramid mouniFig. 9), thiscommand
sequence causée CMG momentum state to move out to the envelope in thaaxe
along'3<, then move up towarthe tip of the pyramid alonfj @hus it'stitled "X then '?) .
This sequence causes an approach to the "dimple" on the envelope that is oriented along the
gimbal axis facing toward ¢see Fig. 15) , and the associated 2H internal singular states.

The two approaches tonomentum saturation argeen in Fig. 54b. The first
saturation is aloné\ x and thesecond is along/]\ z The smalkink seen betweethe two
saturation encounters in Fig. 54b is due to the proximith@fCMG momentum state to a
"dimple" in the envelope centered around the gimbal axes.
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a) Commanded Momentum History b) CMG Saturation Index

Figure 54: Momentum Command & Saturation Index for " Xthen 2"

The singularity analysis for this example is shown in Fig. $5e initial trajectory
(with no null motion) isplotted atleft. Two singular approacheare clearlyseen to
dominate thesolutions. The singular statesreseen to bamainly elliptic (owing to both
eigenvalues staying generally positive), and project stronglytbattorque comman(b),
which will yield large momenturerrors. The CMGsystem spends most of tie in a
2H state, which is ripe for elliptic singularities.

The situationseems muclbetterwith the final trajectory, plotted atight. Most
singularities seem to be nearly avoided, excepting the envelope itself, whintpismtered
near step#16 and step #30 (since thstate is elliptical bydefinition, notethat both
eigenvalues are strongly positive in its vicinityJhe rotors staymainly in an"unkinked"
4H state, which yields superior singularity characteristidse short dipinto a 2H state
near step #21 is associated with the approach to an envelope "dimple".
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X then Z.Hcmd 0----ee- 0000+0000+ - 0000000 X then Z.Hcmd 0------- 0000- - +000000000000000
¢) Search Result; 565 Nodes; ¢ =-0.4 d) Search Result; 594 Nodes; ¢ = +6.0

Figure 56: Evolution of Search Solutions for " L then 2"

Figs. 56-59 show how the "best" solution evolves as located by the search process.
Although a full 2000 nodes were expandé, final solution waslocated afte’594 nodes
were opened and only four trajectories were accepted.inifia trial with no null motion
(a) spent much of itsme being singular (theulses omull motion added in the midst of
the trajectorywere to reduc¢he excessive gimbal ratéisat were calculated there by the
SR-inverse). The next acceptedolution (b) isthe trial with all negative nullmotion.
Although itwings pasthe initial singular statgstep #6) and avoidseingtrapped, itstill
approaches singularities, in particular the elliptic singularity near the "dimple" at step #21.
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Figure 57: Evolution of CMG Gain for " X then z"

The two search results improve the situation significantly. In the dolation (d),
the CMG gain is appreciably higher in the region ofédiltiptic state (atstep #21). Even
thoughthe system is operating close the momentunenvelope, it wasable tofind a
trajectory that created a gimbal state thats significantly displaced fronthe singular
orientation. As seen ithe plot of the net CMG momentuffig. 59), the command
sequence of Fig. 54 is followed &t trajectories excedbr the initial trial (a), which had
become stuck in a singular condition.

Fig. 60 showsthe parametrisummary of the trajectoridscated by the search
procedure. As the initial trial had gimbal rates running above their maximmitmit had a
large negative cost contributed frahe overrate penaltfthusthe arrow pointing down in
Fig. 60b). Thetwo solutions found byhe searctwere seen to improve significantly on
the minimum gain valueand decrease the integral inverse geamtribution. Both
trajectories werdound in close proximity (one is a variation on fpsedecessor). The
search did not find angetter trajectories after expandiB@0 nodes (perhaps due to the
lack of gimbal freedom near the momenta@mvelope), thus this cogtlot lacks the
"plateau” appearance seen in most other examples that found more "best" trajectories.
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Figure 59: Evolution of Stored CMG Momentum
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The nextseries of examplegre maneuvesequences suggested by Ref. [61Ht
are designed to take the CMG system past various internal elliptic sistates. The first
in this series is summarized Fig. 61. Thismomentum sequencaayswell inside the
envelope, and only approaches roughly 50% saturation, as seen in Fig. 61b.

o
160 r 000 o mem—m———— 130.
4
/ 100%
_ 107 } / 2 86.7
s / Q
Nl , a
538 / © 433 F
/ y S
/ »
005 L I 1 I 000 1 1 1 1 I
1.00 7.00 13.0 19.0 250 31.0 1.00 7.00 13.0 19.0 25.0 31.0
STEPS STEPS
Kuro(B1).Hcmd Kuro(B1).Hcmd 0- - 00000ADO- - 0000000000000
a) Commanded Momentum History b) CMG Saturation Index

Figure 61: Momentum Command & Saturation Index for "Kuro B"

The singularityanalysis is given ifrig. 62 forthe initial trial trajectory(with no
null motion added). Since the eigenvalues l@bome positive ifa), anelliptic singular
state has indeed been attained, as fupported bythe rotor projection plot inc), where
the system stays in a 2H configuration. Tdrge values seen ig. 62bindicate that the
torque command projects significantly onto the singular direction. The rotor projection plot
is given in Fig. 62d for the final trajectory found the search. It is nonsingular, and can
be seen to quickly transition to an "unkinked" 4H rotor orientation.

The evolution of thébest" searchrajectories are detailed Figs. 63 through 66.
The elliptical state is seastearly in plot(a), which showghe system slowlytransitioning
through the singularity (as the torque command was not precisely alignetheviémgular
direction, the SR inverse was able to generate gimbal rates, although produced large torque
errors, as seen in Fig. 66a)he next trial (negative null motion) somewhat better, but
still exhibits a voyage through a singularity and significant toequer. The gradientrial
is the next accepted, and produces a definite improvement [one must bear thatrtimd
trajectory follows the gradient of the objectivéEq. 15; we seghe minimum gain
contribution having thenostimpacthere), and nothe localCOJm, as is plottecunder the
trajectories in the topographic maps (Fig. 63]Jhe search quicklymprovesthe solution,
finishing with a trajectoryhatraisesthe m value immediately at the trajectosgart, and
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keeps a highm (near itsmaximum of2.4 for this CMG configuration) throughout the
remainder of the the command sequence.

Looking at the plots in Fig. 65, it is obviotisat this example employed a different
set of initial gimbal angles. In order to encounterdfiptic singular state with this torque
command, the CMGs were started in a zero-momentum state with angles of
[-60°, 60°, 120°, -120°].

A summary of the search performarioe this example is given irFig. 67. The
three trials were seen to prodube most cost improvemerfasthey avoided the singular
state), andhe search operatigorogressively increasdtie average trajectorgain. This
command sequence turned out to be a particularly dedlengefor CMG steering laws.
The gradient trialwas already seen to produce a workabtdution. If the objective is
modified to include the locallm, the gradient trial becomes almost perfecthis case,
producing a solution of similar cost tiee final search resuithown here(g). This is a
significant exception; in the other examplestluf section, searchdkat emphasized the
local Om in their objectivewere seen to encounter difficulty or delaylaeating solutions
of the quality attained through the objective of Eq. 15.
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¢) Net Rotor Sign Pattern; Singular Trajectory d) Net Rotor Sign Pattern; Nonsingular Trajectory

Figure 62: Singularity Analysis for "Kuro B"

100



Kuro(B1).Hcmd 0000000000CO0D0CO 000000000 Kuro(B1).Hemd o

a) No Null Motion; 30 Nodes; ¢ = -9.89 b) Negative Null Motion; 59 Nodes; ¢ =-1.47

Kuro(B1).Hcmd 00-000000- 000- C0DACDO00C00AD M Kuro(B1).Hcmd 0--00000000000000C0DC0000000C0

c) Gradient; 116 Nodes; ¢ = +23.5 d) Search Result; 183 Nodes; ¢ = +24.0
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———————

Kuro(B1).Hcmd 0--- -0 E0ADWD Kuro(B1).Hcmd

e) Search Result; 345 Nodes; ¢ = +24.2 f) Search Result; 553 Nodes; ¢ = +24.2

0--0000--0000000000000000NM
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Kuro(B1).Hcmd 0--00000000--0 0D ANV

g) Search Result; 588 Nodes; ¢ = +24.3

Figure 63: Evolution of Search Solutions for "Kuro B"
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Figure 64: Evolution of CMG Gain for "Kuro B"
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Figure 65: Evolution of CMG Gimbal Angles for "Kuro B"
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Figure 66: Evolution of CMG Stored Momentum for "Kuro B"
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Figure 67: Summary of Search Operation for "Kuro B"
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The next examplelso comes fronRef. [61], and is designed texplore an
elliptical singularity with a smaller momentunipcated closer to the"z axis. The
momentum command sequence is summarizédgn 68, along withthe saturation index
for the final trajectoryfound by the search(which achieved the terminal momentum
command without difficulty).

V'
159 - 130.
/, 100%
_ 106 } / 2 867
S / 8
< / g
53 |/ X O 433
/ y 4 >
/ _
006  \Eme==1==m ; : ; . 000 . . . : :
1.00 7.00 13.0 19.0 250 31.0 1.00 7.00 13.0 19.0 25.0 31.0
STEPS STEPS
Kuro(C1).Hcmd Kuro(C1).Hecmd 0- - 00000d0- - - - 00MO000000MO00
a) Commanded Momentum History b) CMG Saturation Index

Figure 68: Momentum Command & Saturation Index for "Kuro C"

The singularityanalysis forthe initial trajectory isshown in Fig. 69. As both
eigenvalues become positiya), the singularity is indeed classed as elliptic. Since the
torque command projects nearly totatligto the singular directionb), the SR-inversewill
have difficulty producingelevant gimbatates. As expectedhe rotors are seen to stay
kinked in a "2H"stateduring the singular encountefc), althoughrapidly transition to the
mutually-pointing "4H" orientation in the final trajectory found by the search (d), which did
not encounter a singular state.

The progression of search solutions documented inFigs. 70-73. The
topographic map and gain plot for the initial trial solutjgigs. 70a,71aglearly show that
the system remains ithe singular conditionfor a large part of the commargequence.
Although some semblance tife command momentum is achie\gdg. 73a),the CMG
system hadglifficulty in achieving promptesponse irthe singular region. The next three
acceptedsolutions are the trials; negative nu(b), positive null (c), and gradient (d)
[remember thathis gradientisn't from Om, but is calculatedthrough Eq. 15]. The
gradient trial is seen to avoid the singular state, and is improved on by the suctizeding
accepted search trajectories.

The final solution (g) exhibits twaegative null motiorpulses; one athe start of
the command sequence, to put the CMG system into a high gain stateoémer midway
throughthe sequencthat switchesthe CMG closure irorder toachieve ahigh gainstate
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throughoutthe remainder of therajectory. Looking athe plot of therotor configuration
for this trajectory in Fig. 69d, one notices that the switch from a '&té to d84H" state
was caused by this later null pulse. The concurrent small dipthat isseen in Fig. 71d
(near step#15) indicates several CMG minoggassed throughkero during this closure
change, as discussed in Sec. 2.3.
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¢) Net Rotor Sign Pattern; Singular Trajectory d) Net Rotor Sign Pattern; Nonsingular Trajectory

Figure 69: Singularity Analysis for "Kuro C"

In order toreach the elliptical stateith this set of momentuncommands, yet
another set oinitial gimbal angles were used with this example. ¢as be noted ifrig.
72, the starting angles for CMGs 1-4 were [-120°,-60°,60°,120°].

Figure 74 showshe summarnyfor searchoperation in this example. Again, the
gradient trial was seen to produce a passable trajectory, which was progresgweled
upon bythe search. Since thdatter three trajectoriestay mainly athigh m, they exhibit
little significant cost difference.
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g) Search Result; 965 Nodes; ¢ = +24.0

Figure 70: Evolution of Search Solutions for "Kuro C
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Figure 71: Evolution of CMG Gain for "Kuro C"
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Figure 72: Evolution of CMG Gimbal Angles for "Kuro C"
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Figure 73: Evolution of CMG Stored Momentum for "Kuro C"
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Figure 74: Summary of Search Operation for "Kuro C"
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The final example examined this section comes again fraime set ofRef. [61],
and was originally designed to crossdliptic singularity at even lowefroughly 30% of
total) CMG momentum. Oncemore,the command sequence loiters near theds, as
seen in the summary of Fig. 75a, and Fig. 75b (plottethéofinal trajectory) dictatethat
the system remains well within the momentum envelope.
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a) Commanded Momentum History b) CMG Saturation Index

Figure 75: Momentum Command & Saturation Index for "Kuro D"

The singularity analysis of thaitial trajectory inFig. 76a, howeverindicatesthat
this singularity isactually hyperbolic (null-escapable), sincéhe eigenvalues remain
opposite in sigrthe nearbyelliptic singularity is missed). Despitethis, the example is
includedhere,because it displays interesting aspects of search performdree torque
command again projects significantly orttee singular direction(Fig. 76b), thus the
SR-inverse will produce gimbal rates fraught with torque errors.  Figs. 76¢ & 76d show
an interesting anomaly of this exampl&he initial no-null trial (which encountered the
singular state) flipped to a supposedly superior "4H" state while remaining singular, but the
final trajectory (which avoided the singular state) stayed in a kit state. Since the
CMG system is operating at loweromentunmthroughout thiscommandsequencemore
rotor "kinking" is necessary for the rototomenta tocsum tothe commandeslalues. The
system is probably running on the cusp between a "2H" and "4H"gtater in the case of
plot (c), thus isable to transition backnd forth while remaining singuldre. the system
transitions between these rotor states at the singularity, but doesn't penetrate deeply enough
into the "4H" closure to remove the singular condition).

Search solutions are documented in Figs. 77-80. The approach to a singular state is
clearly seen in plots (a), showirige trialwithout null motion. The trialwith all negative
null motion (b) is marginallybetter, but also spends lotstwhe near a singular condition
and accumulates a large momentum residual. The gradarft) doesmuch better at the
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start of the commansequence, but dips towatide singularity at thend. The besttrial
performance is from the "unkinking" attempt (d), adapted from Ref. [34]. This succeeds in
"snapping"the rotors throughhe singular condition and into laetter closure by applying

an extended pulse afegative null motion at the start of tsequenceleading to much
higherm lateron. Despite the fact thahis "unkinking"trajectory is much better than its
predecessorghe quickpassage througthe singularity makes prone to instability and
sensitive to disturbances, as will be demonstrated in the next section.
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Figure 76: Singularity Analysis for "Kuro D"

The search quickly found anothemay aroundhe singular encounter, however, as
can beseen inthe plots e-g. Looking dthe final accepted trajectofg), we seehat an
initial brief burst of positive null motion produced an high-gain CMG state, which dropped
somewhat (yet remained comfortably nonsingutarnever fell much below 0&s seen in
Fig. 78g) before rising again later in the sequence.
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The searctiound a "threadinghe needle'strategy,similar to thatdiscussed with
Fig. 23 and seen ithe examplewvith a constanf\x 9 torque(Figs. 40-46). Theresults
here, however, were mudietter; thesearchwas able to locate a path this example that
comfortably skirted thesingularity, and did nopassdirectly through a singulastate in
order to abruptly switch closures and reconfigure for higher @di@. Section4.4 will
demonstrate theobustness of suchrajectories when implemented with unmodeled
disturbances.

The parametrisummary of search operations is givenFig. 81. Although the
four initial accepted trialsmproved the trajectorgost significantly,the trajectoriedound
by the search yielded a considerable objective increase, mainly due to theimhiigjharm
gain. This example was run using the same setit@l gimbal angles as in thprevious
test.

4.3) Comparison with Local Steering Law

The previous sectiorshowed howthe directed searcivas able to locate CMG
gimbal trajectories that avoidesingular states or worked tminimize the singular
encounter. In this section, a performance comparisoragewith alocal "tangent-based"
null motion algorithm. The tangent procedure applied herebased uporthe "second
inverse gain" method dRefs. [13,52],which was discussed in Se&&4. This technique
adds "undirectedhull motion (i.e. not along any gradient af) throughoutthe gimbal
trajectory, in armattempt to keep th€MG system from beingracked into asingularity.
This methodwas seen to work best with 4-SGCMG system<Reafs. [13,52], and
generallyperformsbetter than other tangent methods (gradient and non-gradigimtjhe
momentum commandssed in this study (fothe purposes of running such comparisons,
the disturbancanalysis package developed under this effort incorporatessan of the
software used in Ref. [13]).The performance of the tangent algoritused inthese
simulations carvary, depending uponhe weights, thresholdsand integration intervals
that are applied. Thisnplementation of the algorithm malgus not be optimal, antiese
examples are not intended as a judgemerthantechnique; they are included to illustrate
the difference between results obtained frofg@od" steering law usindpcal information
only and a "global" steering algoriththat uses asearch tooptimize over entire gimbal
trajectories.
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Figure 88: Search vs. Tangent Steering Law for "Kuro D"

Results of this comparisareshown in Figs. 82-88 foeach of the momentum
command sequencesamined inSec. 4.2. Because the tangent steering lasedhere
does not direct its null vector alongm, it freely traverses regions of high alwv gain,
but does nogenerally become channeled directly istogular states (and locked-up), as
frequently happens with gradient-based approaches.

In general, a significant differenaan be noted between th&o sets of results.
The search trajectories (left columns) either avoidrogtates, ominimize theduration of
these encounters. Thangent lawresults (right column)however,generally reach lower
mand remain in these lesentrollable statefor a longer duration.Since the searchses
global information to avoid theskow m configurations, its superior performance is
expected.

Looking at particulaexamples, Figs82,86,87,88 show wer m to be attained
by the tangenkaw. Fig. 83 showshat asingular configuration is encountered with both
the tangent law and search trajectories, but the seasiminimized thesingular duration,
passing througlhe singularity quickly irorder to "snap'into an alternatelosure. The
results of Figs. 84 & 85 indicate some similarity betwdensearch and tangent law; these
momentum commands required fairly large gimbal ratesdlize the commandedrques,
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thereby leavingless margin to introduce null motionfor avoiding singularities.
Nonetheless, the search results for these exarsgilemaintainhigherm values,although

trajectoriessuch as thesethat approach regions omall m, can be sensitive to
disturbances, as will be demonstrated in the following section.

4.4) Sensitivity to Unmodeled Disturbances

The orbital environment can be difficult to accurately predict on an orbit-to-orbit
basis. Dynamically changing aerodynamitorques (depending upon solactivity and
upper atmosphere behaviagn affect the precision of expected momenprofiles used
with momentum management routines and the search-based steering safelmeertain
applications(i.e. afast maneuver on a well-determined spacecraft madaj) be able to
produce feedforward momentum trajectories with little error, any solution tadh@&ntum
management problem must deal with significant uncertainty.

A software packagewas developed that examines tkensitivity of feedforward
gimbal trajectories to disturbance torquiest were not included ithe original momentum
commandsequence. This prograessentially executes the implementation logic that was
suggested in Fig. 30. A local steering lamswers instantaneotmque requests (derived
from the momentum commangplus disturbance torque) through 8R-inverse, using a
signed null amplitudé that is output from the CMG searchihe "Unmodeled Disturbance
Torques" of Fig. 3@re injected as aonstant secular torqubat can be defined by the
user. The steering law ierated(i.e. integrated) three times per momentum step in these
examples (vs. two times per step in the CMG setiratproducedthe feedforwardgimbal
trajectories). The details of this program are given in the Appendix.

Fig. 89 shows acomparison of CMG gimbal trajectorie®llowed without
disturbancenjected (the leftcolumn, with plotslabeled "Reference"and with a secular
torqueinjected alongall three axes (rightolumn, with plotslabeled"Perturbed"”) for the
momentum command sequence realizing a constant torque alon’g\; thxix The
"Reference" plotgat left) are identical tthose produced bthe best search trajectory in
Figs. 36-38(the jagged character of the lines are aliasing artifacts introduced by the
Macintosh graphics; the original curves are smooth).
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The perturbed momentum commands realized by theCMG array, asplotted in
the upper right of Fig. 89. The components of the torque perturbation vector aratbgted
each relevant plot as "D" (the adjacent "A" valeers to a shift irnitial gimbal angles,
which is zero in all of these examples). These are expressed as the fractiamebiGMG
momentum that will be added to the original momentum command atnitheof the
command sequence. Since these tests assumed 4 CMGs of unit momentuine &a.d,
entails a perturbation on theder of 0.4 momentumunits per axis (actuallythe code
doesn't add gerturbation into the lastvo steps, thushe momentunshift in this case is
[0.4 * 29/31] = 0.374, aplotted in theupper right ofFig. 89). This momentunerror is
distributed over the entire maneuver sequence (barring the last 2 steps) as a constant secular
torque of magnitude.374/29. Although the momentununits are labeled as being
"ft-lb-sec” in Fig. 89, this scaling isactually in theunits defined bythe CMG search
program, which assumeshchCMG to have a momentum of 1. Adding the perturbed
components of the final momentum vector in quadrature and scaling by the original

127



unperturbed valuethe example ofFig. 89 isseen to introduce a momentushift of
approximately 35%.

The m values forthe normal and perturbed gimbal trajectories are given as the
"CMG Gain" in the second row of Fig. 89. The same general characteristics can be seen in
each case; a gain peak around step 10 (brought ombl motion pulsehatwas used to
changeclosures), followed by a slowlghangingm profile. The major difference is the
way in whichm begins to dip withithe perturbed command after the rpiise at step 10,
whereas it gradually increases in the original example (the null perturbation "D" was chosen
here to drop thenvalue; if the signs on "D" are reverseuwill grow by asimilar amount
in this example).

The gimbal angles are given in the third row of B§. Little difference is seen in
the general character of these plots; the gimbal angles seem to dotidar profiles. This
is also reflected in the determinants of ther 3x3 minor matrices of the CMQacobian,
which are plotted in the lower row of Fig. 89. The forrnofmal and perturbed plots are
similar. No major shift in minosign (indicating a closure change) seen,excepting one
value (the finely dashed line), which does not go negative after step 15 in the peptatbed
(this minor stays near zero and doesn't diverge in both cases, indicating that itgtaals a
role in determining the needed torque here).

Fig. 90 shows how the twinajectories diverge as a functiontohe. The change
in m (perturbed-normal) is plotted at left. One can see that the major difference aftaurs
the null pulse at stepO, where a closure changecurred. Thisndicates that thelosure
achieved by the CMG array after step 10 will decreasehensubjected to the perturbed
momentumcommands. The change in gimbal angles (tsem of absolutalifferences
between normal and perturbed angles) is plottetylat. Here,one sees aearly linear
divergence between normal and perturbesponses (barring sonjigter during the null
pulse, which igmainly due to the finer integratiamsed here). Thigdicates the lack of
any type of"crisis" point, wherethe perturbedsystem will diverge quickly from the
reference; errors are accumulated in a linear fashion here.

Theresults of Fig. 9takethis pointfurther. Here(at left), we plot the net cost
change (the terminalost of Eq. 16without the nullcost, residualand gimbal over-rate
contributions fromEq. 15) as dunction of perturbation fraction. Resulise plotted for
eleven trajectories that are run for the specified perturbation vector ("D") having magnitude
scaled between zero and one (as plotted on the horizontal axis). The left-hasitbpista
gradual, almost linear change in net cost as a function of the perturbation fractioplotThe
shown atright givesthe mean anglerror (sum ofangle differences at each scheduled
momentum value, scaled by the number of points in the momentum profile) as a function of
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perturbation fraction. Thisertainly appearBnear, indicating that the difference between
normal and perturbed trajectories is proportional to the perturbation amplitude.

Figs. 89-91 seem timdicate that the gimbal trajectofgund bythe searchor this
momentum command (constant torque along /fheaxis) is quite robust to secular
disturbance torques (the "D" pickddr this perturbationwas along the worst-case
direction). Differences in trajectories are accumulated gradually (nearly linaartgs the
time history, and the amount of net difference is proportional to the magnitude of the
perturbation. One of thedistinguishing features of thgimbal trajectory, however, is its
avoidance of singularegions. One maysuspectthat the situation is differentor a
trajectory that crosses a singularity. This is examindtldmextexample, which perturbs
the search result for the case of a cons/t\an@ Xorque.

The normalvs. perturbed comparison is given kig. 92. The referenceesults
(left column) are identical tthose presentedarlier for this momentum commangFigs.
43-45). The perturbedresultsare given in the righttolumn, and weindeed see a
significant difference.The "D" vectorfor the momentum perturbatiomas directed along
the -'x axis, adding a net momentum disturbance (relative to the reference ceme)rdy
15%. This is reflected in the CMG momentum plot (upper right), whesmniteseenthat
the perturbed momentum command is able to be realized by the CMG system.

This is not easily accomplished, however, as can be notibeé plot ofm given in
the second row of Fig. 92.Here we see similar histories the very beginning of the
command sequence, but the situations diverge considerably after step 8, where a null pulse
was introduced to change closures and quickly snap the CMGs through a stajaléas
can be noted in the reference plotedt). In the perturbedase, howevetthe added null
motion did not put the CMG system into the appropriate closure, argy$keam went (and
for the most part, stayed) singular after the null motias added. Thidifference is also
reflected in theplots of gimbal angles (thirdow). After the reference trajectoryips
through its singular encounter (st8p the gimbal anglgrofiles evolve very differently,
leading to rather large gimbal rateken the perturbedsystem goes singular (sté420).
The mechanics of this change in behavior are apparent pldtseofthe minors, given in
the lower row. Although theminors appeaguite similar before theingular encounter,
they emerge very differently afterwards. the originalcase,three out of thédour minors
switch sign (go negative) during the singular encounter at step 10. The perturbed situation,
however, exhibits a different effect, where (after some gyration inducétehbyull pulse)
all of the minors stay positive, eventually passing zero (as the system goes singular).
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Figure 94: Perturbation Sensitivity for Constant x " , 9 Torque

The divergencelots (Fig. 93) summarize thesituation. Very little difference is
noted between the two trajectories, until the referétsehe singular encounter near step
10. Thereafter, a shardecrease inm and fast divergence igimbal angles arseen to
occur (contrast this tthe previousexample[Fig. 90], wherethe angleerror increased
almost linearly withtime). This divergence is very sensitivetie amount of introduced
perturbation, as seen the sensitivityplots of Fig. 94. Asmall cost change arumited
gimbal divergence iseen forsmall perturbation amplitudgsip to 0.25 or so imelative
scaling), butthe cost rapidly jumps (andjimbal divergence abruptlgoars) after the
introduced perturbation amplitude grows further.

This result indicatethat it isvery difficult to predict past a singulatate; the null
motion historyk prescribed by the search quicKlyosesrelevance after the singular
encounter. Irthe singular regionmany CMG closures orgimbal trajectory possibilities
patchtogether, thus amall change in the CMG conditidibrought on by answering the
unmodeled torquesian select an entirely different gimb@dnfiguration, yielding a rapid
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divergence, as characteristic of nonlinear dynamic (i.e. chayst¢ms[62]. This may be
interpreted physically. In a singular state, the rotor axes are all aligned to prajectally

or minimally along a commoraxis, hence small perturbations will cause ttwgors to

"scissor"one way or another, producing vetifferent subsequerdgimbal configurations
(i.e. closures) that evolve in an entirely different fashion.

Before any additional conclusions are drawn on this matter, arextaeple is ex-
amined for its disturbance sensitivity. Thisthe familiar"Kuro C" momentumsequence,
and the normal/perturbed comparison is showlign 95. Againthe referencelots (left
column) are identical to the earlisearch result¢Figs. 71-73). The "D" perturbation
vector is chosen to produce a dropnnand amounts to a roughly 408ange (relative to
the reference) in the final net CMG momentum. As can be noted upge-right plot of
Fig. 95, the CMG system is able to realize the perturbed momentum command.

The m profiles have a similacharacter up to the point athich a null pulse is
introduced to changelosures(i.e. step 13); thereupotine perturbed case continues along
at significantly lowem. This isn'tnearly the major changeeen inthe previous example,
as one can note in the gimbal angfiles (third row), which both have asimilar
character. Theminors (lower row) alsaeflect the similarities between reference and
perturbed trajectories. Some difference can be noted after thpulsél at sted 3, but the
minors stayall negative in bothcases and behave smoothly throughthd trajectory,
implying that the same closure is maintained in normal and perturbed situations.

Divergenceresultsareshown in Fig. 96 fothis example. A sharphange inm,
and break in the net gimbal anglgor can be noted at the powherethe nullpulse was
applied (and severahinors switched throughkero; seeFig. 95), but this alteration is
nothing like the divergence that was seen in the previous example (Fig. 93).

The perturbation sensitivity is examined kig. 97. Here we see a&low (then
linear) decrease in the configurationst and dinear increase in trajectory divergence (net
angleerror) with increased perturbation. These resolgate a marked similarity to the
first example investigatedhe constant torque along the axis (Figs. 89-91) rather than
the abruptly diverging behavior noted in the previous test (the con/\sta/lg\rt torque;Figs.
92-94). Again,the referencdor both thistrajectory and the trajectory dfigs. 89-91
maintained a largen throughoutthe commandequencewhile the reference trajectory of
Figs. 92-94 passed through a singular state.

A final example is given tpush thisemerging principle a biturther. The same
reference trajectory igsed ("Kuro C"),but now the perturbation vector "D" is doubled
(but kept oriented in the same direction), leading to a huge perturbation, of order 80%.
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Figure 97: Perturbation Sensitivity for "Kuro C"

The reference-vs.-perturbed comparison is giverFig. 98. The left-column
reference plots are, of course, identical to those presentedrigit!®5. The right-column
perturbed results, however, now differ substantialljne perturbed momentum seen to
be realized by th€EMG system,although them values (secondbw) now stayquite low
after the null pulse isssued,and thetwo gimbals that start at60° remain at large angles
(third row). Note that these two "middle" gimbalsenow brought tesmaller anglesfter
the null pulse(i.e. > step15), in contrast to the reference and perturlmages in the
previousexample(Fig. 95), where they drifted to largemgles. This suggestsciosure
shift, as isclearly seen inthe minorplots (lower row);after the nullpulse, three minors
swapped sign in the perturbed case relative to the reference, indicating a different closure.

The trajectory divergengalots of Fig. 99 show alefinite impulsive change after
the closureswitch at step 12he magnitudes dhis step differencare now much larger
than seen with the smaller perturbation (Fig. 96).
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Figure 99: Trajectory Divergence for "Kuro C" (doubled disturbance)
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Figure 100: Perturbation Sensitivity for "Kuro C" (doubled disturbance)

The perturbation sensitivities (Fig. 100) show the occurrence of the closure change.
A discontinuity can be noted at a disturbance scalin@. 6f wherethe angular divergence
and cost curves abruptly switch slope, signaling the achievement of a different closure.
These results again suggest that gimbal trajectories avoiding singular reyiobs
quite robust to the introduction of unmodeled momentum errors. In such situtitemst
divergence of perturbed from reference trajectories generally appears to vanyimeznly
with the magnitude of the applied perturbatidkfter significanterror is introduced (in the
latter case examined, an 80% net disturbance), a closure change can be instigated and more
rapid divergence experienced, kthe region ofrelative stabilityaround the reference
trajectory seems to be substantial. In cases wheresference trajectogkirts a singular
state, howeverdivergence can accumulate rapidly after #sivegular encounter, when a
different closure is achieved. This behavior is very sensitiiidcamount of injected
perturbation; a large divergence in singularity-traversing gimbal trajectories can result from
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a relatively small momentum error (i.e. a 3% net disturbance iexdnaple examined here;
Fig. 94).

Although the divergence in the neighborhood of a singular csatde problematic
for gimbal solutionsthat attempt totransit a singularity, several possibilities exist for
recovery, as were discussed in Sec. hefactor is a considerable aid; the locations of
probable rapid divergence aaown ahead oftime to be at the gimbatates where the
search had indicated proximity tosangularity. For situations wherthe plant and
environment aravell-modeled, itmay bepossible toimplement thefeedforward search
trajectory without alteration (i.e. the local feedback in Fig. 30 is not needed). A divergence
contingency igequired, however, withincertain plants &nvironments, wherthe logic
of Fig. 30 is used to implement the feedforward search commands.

A major difficulty in implementing singularity-skirting trajectories is in managing
the inverse-kinematic calculatioasrossthe singular region suclthat thedesired closure
(located by thesearch) is entered aftehe singular encounter. As a singularity is
approachedthe pseudoinverse (also to a lesser ext&Rktinverse) anchull algorithm
calculations can loose accuracy. In addition, seVetasures"can patch togetheéhrough
singularities, asmentioned earlier, hence smaltrors in calculations (coupled with
unmodeled torque disturbances)n cause any of severmbsures to beentered after the
singular crossing. The CMG system must thus be somehow be constrained in crossing the
singular region. Thigonstraint might be implemented in a variety of differiaghions.
Onesuggestion (for cases whete search trajectory dictatedrush with asingularity)
may be to estimate thdisturbance torque just beforthe singularity ishit, while
implementing the feedforward gimbal solution. The gimbal configuration on the other side
of the singularity(which is hopefully inthe desiredclosure) can be modified by a
pseudoinversealculation thataccounts forthe estimated momentum disturbancethet
point. This will yield a set of gimbal anglésat will (hopefully!) be inthe desired closure
and provide a goodpproximation to the requiresitomentum. The CMGs canthus be
moved fromthe currenfpre-singulargimbal angles tdhis new set duringhe "singular”
encounter.

This scenario is illustrated in Fig. 101 (which is derived ftbmmexample oFigs.

43 & 92). The transition may be accomplished in several manners, the simplest of which is
to implement a linear interpolation between the sets ofgimbal angles,although other
techniques may bpossiblethat would reduce accumulated momentwerrors (the search

will make the singular encounter brief, hence the errors will hopefully be smaltaartae
compensated afterward). After attaining the new gimbal angles, the systeallisin the
preferred closure, antie results ofthe feedforward search will continue to provide some
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Figure 101: Stabilizing Feedforward CMG Trajectories Transiting a Singular Region

validity. Of course there is no guarantee that thest-singular closuréictated by the
search willadmit theperturbed momentumalue, in whichcase this technique will be of
little use. Inthesesituations, brute-force solutiomsay bepossible;i.e. the gimbals can
again be constrained to follow a particular patren traversinghe singular statesuchthat

the gimbal state ipre-known both before anafter the singularity isrossed,then the
results of two feedforward searchesn then be applied; one leading up to the singular
state, and another from the opposite side of the singularity onward.

Much more effort clearly needs to be devoted to resolviilge problem of
implementing the trajectories determined by the search in the presence of momeotum
Other technigues are certainly possible, and significant benefit cowaltialreed by a more
analytical study of the nonlinear dynamic#évolved, progressing beyonthe simple
"show-and-tell" simulations discussed here.

This instabilitymay not be a problerfor many systems. Irthe case of a tight
maneuver (or a manipulator system executing an end-effsmamand) the plant may be
sufficiently well-known duringhe short maneuveruration, andhe resultingerrors may
be small. The search trajectory couttius beimplementedopen-loop (or anyeedback
applied after unavoidable singulaegions are crossed). Inthe slower momentum
managemenctase,there may be sufficientime available tore-run the searchwith an
updated disturbance modebon encountering divergence, and thereblminate the
problem.
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These examples have investigated the effect of unmodedeabances as constant
seculartorques. Anotherclass of possible disturbancas higher-bandwidthzero-mean
impulses (i.e. as produced by an astronaut bouncing off a bulkhead, onboard manipulators,
machinery, or thrusters).The effects of thesshould be somewhatimilar; i.e. small
disturbances thaton't cause a closure shift will produce a CM&sponsdhat commutes
to someextent(causing a temporary departure fréime currentrajectory), and not cause
significant divergence, whereas larger disturbancas changeclosures andcreate
problems. Significant cumulative effects may Ipeoduced, howevehence thisclass of
disturbance should be investigated in future implementation studies.
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5) Conclusions

A global searcthasbeenshown to beeffective inproducing singularity-avoiding
feedforward CMGgimbal trajectories imesponse to @ommandhistory forecast from a
momentum management or maneugeheduler. In cases whetbe singularity is
unavoidable, the search acts to minimize the severity dditigellar encountefi.e. transits
the singularity as rapidly gsossible, withminimum induced momenturarror). Gimbal
trajectories that are removéwm singular encounters have been noted to be appreciably
robust tothe introduction of unmodelled torqueror. Trajectories thaskirt a singular
state, however, can shosignificant sensitivity and quickly diverge frothe feedforward
reference after theingular approach.Since the location of probable divergencehas
known a priori, one may applgonstraints neathe singular regionthat can maintain the
anticipated system performanc@thertechniques may exist that coysdovide a superior
feedforwardimplementation of thesearch information; the stability of theksedforward
gimbal trajectories is a promising topic for additional research.

The search implementation used in these examples allowed only three lewdls of
motion; i.e. negative, zero, or positiveAlthough gimbal chattewas minimized through
the objectivefunction, a smoother set giimbal commandsvould be advantageous for
spacecraft implementation. Greater dynamic range and smathigal responsemay be
achieved by increasing the numbernmfdesavailable at eaclstep (producing darger
searchspace), omllowing the search teary the change in null motion at eastep (and
keeping this change limited), rather than varying the net magnitude of null gimbal rates.

The CMG gimbal trajectory can be easily be coded as a "character"” stringaalith
character representing the added mudition, and its position ithe string specifying the
correspondingnomentum steffthis parameterization isised for describindrajectories at
the bottom of the plots given in Sec. 4.2). The optimality of these trajestrangscan be
described by theost ofthe trailing characte(i.e. terminal node), ascalculatedthrough
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Eqg. 16. Agenetic algorithm[63] is paowerful method of efficiently locating families of
such strings (i.e. "populationstg¢presenting near-optimablutions,hence may provide a
superior means of globally specifying desirable CMG gimbal trajectories in future efforts.

This task has examined the utility of utilizing global informaficmm a momentum
management algorithrfor maneuver scheduler) to determine a satisfadieeg-forward
command sequender SGCMGs. Asmentioned in the introduction tinis document,
therewould beseveral advantages to solving both probléogether;i.e. the momentum
manager would deal with irregular CMG momentum envelopes (especially in fzalses,
where mounting symmetry i®st), and a momentum command sequeflelis gimbal
trajectory) would be determined to lead BRIG configuration away from singulatates.
Although adding the momenturtand attitude) degrees of freedom will significantly
complicate asearch process such as describede, the combined problem magrove
tractable by running a constrained search.
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Appendix: Software Implementation

A.1) Overview

An extensive software package was developed to facilitate the research performed
under this task. Although the main purpose of these programs is to demonstrate the
performance of the CMG search concept described in this text, they also provide a ready
opportunity to interactively experiment with SGCMG systems, and obtain an understanding
of their operation. A fairly complete Macintosh user interface makes this software easy to
use. This Appendix gives a few quick details on this package, and presents an abbreviated
"users manual" for those who are interested in applying it. This description assumes that
readers are already acquainted with Macintosh operation.

The software runs on any Macintosh II type computer (the large screen is necessary,
thus it won't work well on the smaller "classic" Macs). If run on any platform other than a
Mac II, a warning message will appear, which is easily dispensed via a carriage return. The
package has been run on several variants of the Macintosh II (i.e. the fx, ci, etc.), and it
performs satisfactorily on all. A minimum of 4 megabytes of RAM is recommended for
running the search routine (although only 120K would be needed for the data structures
[Table 1] under on-line circumstances; the storage allocation used by this software is highly
inefficient). If Multifinder is required, give these applications plenty of memory
(particularly CMG Search). They are all written in FORTRAN, and compiled with Absoft
FORTRAN 2.4 (Ref. [59]).

The relevant routines and files are kept on a disk, as shown in Fig. 102. Three
applications are included. "Define H" provides an easy method to interactively specify
angular momentum trajectories. "CMG Search" is a routine to execute and manage the
global optimization of gimbal trajectories. "Disturbance" examines the robustness of

feedforward search trajectories to a user-specified disturbance torque, and performs
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comparisons with standard "tangent" steering laws. The applications are launched in the
Macintosh fashion, by double-clicking on their icon. The three applications are described
separately in the following sections. Once one is launched, the other applications can be
directly activated via the common "Xfer" menu. The software developed to plot the
momentum envelopes and singular states (as shown in Sec. 2.3) is not discussed in this

document; this program is more complicated, and wasn't developed for general use.

=[ =————= (M Search Package =————[|
& iterns 259K in disk 404k awailable
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Figure 102: Disk Organization for CMG Search Package
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The data files produced by these applications are "TEXT" format. The applications
can not be launched by double clicking on these files (this will probably launch your text
editor instead). The CMG Search routine requires the "Dumps" folder to be present at the
same directory level as the program (such as in Fig. 102); otherwise the Search routine will
not launch properly. This folder can initially be empty; CMG Search writes files into it as
it progresses (see Sec. A.3), and creates them if they aren't present (it's unable to create the
"Dumps" folder itself, however). The other folders aren't needed to run the programs, but
are used to organize useful files. "Parameters" holds alternate configuration files used by
CMG Search (see the Setup menu in Sec. A.3). "Momentum Commands" holds
momentum command sequences produced by "Define H" and read by CMG Search.

Desk accessories are available for use in all applications. When a desk accessory
(DA) window is in front of a program window, the DA has control. In this case, most of the
application's menus are dimmed (unavailable), except the Edit menu, which is used by the
DA. The application is re-activated by exiting the DA or clicking on one of the application's

windows.
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A.2) Define H

The "Define H" application enables the user to interactively specify and/or modify
angular momentum command trajectories that are subsequently used by CMG Search. It
was developed as a substitute to a momentum manager or maneuver scheduler routine,
which would accomplish an analogous task onboard a spacecraft. The user graphically
specifies a momentum command sequence by clicking the the mouse in an "active" plot,
thereby defining momentum values to be attained at a particular timestep. For situations that
require greater precision, these momentum values may also be typed in manually. The
resultant command sequence is then saved into a text file that can be opened by CMG
Search. Existing momentum command files may also be read by Define H and modified as

desired.
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Figure 103: Layout of Macintosh Screen for "Define H"

Fig. 103 shows a typical view of the Macintosh screen while editing a momentum
profile using Define H. As will be detailed below, the appropriate momentum component

may be selected for graphical editing via the "Define" menu. A plot such as in Fig. 103 will
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then appear (this figure shows the z-component). If no editing was previously performed
on this momentum component (or a pre-existing file was not opened), this momentum value
will be zero for all timesteps. One may then click the mouse in the graph to specify
momentum values. A linear interpolation is performed from the previously specified point.
In order to create the profile shown in Fig. 103, the mouse was clicked at 3 points; first at
(h=1.2t=15), then at (h=-0.7,t=24), and finally at (h=0,t=30). The order of specification is
very important; the program sets the data to the right of the specified point (i.e. at later
times) to be constant at the selected value. If the mouse is moved off the labeled graph (but
remains in the plot window), the program saturates the selected value to be at the maximum

(or minimum) in that direction, both in time (horizontal) and momentum (vertical)

coordinates.
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Figure 104: Interactive Editing of Momentum Profile

The effect of a mouse-click edit on the momentum profile plotted in Fig. 103 is
illustrated in Fig. 104. Here, the mouse was clicked on this plot at the point where the
cursor is visible. By repeating a succession of such clicks, a desired momentum command
sequence can be iteratively "drawn".

The "delete" key will always zero out the momentum component being viewed, and
the options under the "Edit" menu are very useful in copying and modifying existing
profiles (see below). The default scaling on a new plot (with no previous specification) is
always between 1. The scale may then be changed (and any existing data re-normalized)
by the "Magnitudes" option on the "Define" menu, as discussed below.

If a file has been opened or saved, its name will appear to the left of the colon in the
window title (before the momentum component; see Fig. 103). A standard dialog box will

appear (asking where to save the new momentum commands) if one has edited or specified
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a momentum command, then attempts to exit the application or open a new input file without
saving the previous work. One can then either specify a filename and hit the "Save" button,
or hit the "Cancel" button, which will discard the current data.

If an existing momentum command file is opened, and the commands subsequently
edited with the mouse (as outlined above), the program will act as if the mouse had been hit
at every timestep. This is because Define H writes momentum values for each timestep
(thus not only at each mouse click) upon saving the commands for subsequent reading by
CMG Search.

Edit Define Hfer

Open 30
Input
Save
Quit 30

Figure 105: The "File" menu for "Define H"

The items under the "File" menu are shown in Fig. 105. Most are standard. The
"Open" command will display a dialog box asking the user to identify an input file to edit.
This can be any file previously saved by Define H. The "Save" command will display a
dialog box asking where to save the current momentum commands, and "Quit" exits the
application.

The "Input" command is somewhat different. This option will bring up a blank
window, with a header asking the user to sequentially enter a set of data points. The
specified format is then used to type the momentum values; i.e. the step number of the point,
followed by the x,y,z momentum triplet. Upon hitting carriage return, prompts are issued
for additional points, until the user indicates the end-of-list by entering a negative step
number. The window will then disappear, and the data can be displayed and/or additionally
mouse-edited as discussed earlier. If, during data input, the user specifies a step too large or

out of sequence, the computer will issue a "beep" and ignore the bad point.
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Enter Data Points in Sequential Order:

Formyt 50 Sfao¥ (- fo sxifl B By B

1: 0,0.,0.,0.

2: 7,.3,.2,-.5

3: 15,.9,-.8,-.7
4: 24,1.3,-1.2,-.2
5: 27,1.5,-1.3,.3
6: 30,1.8,-1.5,.9
7 -1

Figure 106: Sample Showing Manual Input of Momentum Points

_ X-tan, fila 1 - V-flanantum Prafila 100 tum Profila
1.08 F o I 000
"
" " 1
o .30 [ FOEE e o 200
m a
e
H i H
Yoo | F % -200
" n
' 600

mo .00 12.0 12.0 2a.0 20.0 o000 6.00 12.0 2.0 24.0 .0 oo

Steps Steps Steps

Figure 107: Momentum Command Profiles Generated from Above Data

Figure 106 shows an example of this procedure. A set of six data points were typed
into the list. The resultant momentum command profiles were displayed (via the "Define"

menu), and are shown in Fig. 107.
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Figure 108: The "Edit" Menu for "Define H"

The "Edit" menu options are shown in Fig. 108. This menu, for the most part, has
the usual appearance, and is quite useful in specifying trajectories. These options do not
use the conventional Macintosh clipboard, however; data is cut, copied, and pasted to/from
an internal array, and can not be ported to external applications in any form. Each of these
menu commands refers to the currently displayed momentum component (they are dimmed

if a plot is not shown). The menu items are discussed individually below.
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The "Cut" item will store the currently displayed momentum component in an
internal array, then zero out the displayed values. The "Copy" item will also store the
currently displayed momentum component in the internal array, but will leave the displayed
values intact. "Paste" will replace the currently displayed momentum component by the
values stored in the internal array. "Cut", "Copy", and "Paste" thus provide an easy means
of duplicating individual momentum components (i.e. use the same data for x and y), or
transporting momentum components between files (i.e. use the x component in one data file
for the z component in another).

The "Clear" item will zero out the currently displayed component (as will the
"delete" key), while the "Revert" item will restore the currently displayed component to its

last saved values.

H-Momentum
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Z-Momentum
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Figure 109: The "Define" Menu for "Define H"
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Figure 110: Dialog to Change Component Magnitudes & Discretization Density

Figure 109 shows the options available under the "Define" menu. A desired

momentum component may be selected for plotting and editing (as shown in Figs. 102/103)
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via the first 3 items. The "Magnitudes" item brings up the dialog box shown in Fig. 110,
which allows one to independently set the scaling on X,y,z components (existing data is re-
normalized accordingly), and specify the number of timesteps into which the data will be
discretized when written into an output file. Although the program is able to specify up to
100 steps, CMG Search is currently wired to only look at up to 30, thus the default value
listed in Fig. 110.

% File Edit Define

CMG Search
Disturbances
Other...

Figure 111 The "Xfer" Menu for "Define H"

Fig. 111 shows the options under the "Xfer" menu. This menu allows a quick
transfer between other applications, without exiting first to the Finder. The companion
routines in this package are specified via the first two items (it is assumed that they are in
the same folder as Define H). The "Other..." item brings up a standard dialog box asking

for the user to locate an application that is to be launched.

A.3) CMG Search

This application was developed to manage the gimbal search process detailed in
Chapter 3. It reads the momentum command files produced by Define H, performs the
directed search, and outputs gimbal trajectory files readable by "Disturbance" (Sec. A4),
along with other summary files that can be plotted with standard graphing or spreadsheet
applications. CMG Search possesses a fairly complete interactive plotting capability of its

own, however, and is a powerful tool for locating and analyzing CMG gimbal trajectories.

% File @ai Setup  branbics  fdoparats Hfer

Figure 112: Initial Appearance of Menu Bar Upon Launching "CMG Search"
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Figure 113: Appearance of Macintosh Screen During Search Operation

Upon Launching CMG Search, its menu bar appears as shown in Fig. 112. The
only relevant menus are "File", "Setup", and "Xfer". This allows one to transfer to another
application (Xfer), change/edit the parameters used by the search algorithm and software
(Setup), and open an input momentum command file or quit the application (File). After an
input file has been opened, however, all menus become available, and three windows appear.
These windows are initially blank (except for an initialization message in the top window).
Once the search is started by selecting "Run" from the "Operate" menu, these windows are
dynamically updated with data and graphics. The top window prints out the running status
of the search algorithm. The bottom windows show characteristics of the currently
considered gimbal trajectory. The bottom left window shows a selected plot or graphic
across the trajectory, and the bottom right window displays relevant parameters for the both
currently considered trajectory and the previous trajectory. While running a search, the
Macintosh screen appears as depicted in Fig. 113. All menus are dimmed except for
"Operate", and the only available item there is "Pause". In order to select any other menu
option, the search must be first paused in this fashion, at which point all menus will again

become available. The search may be continued by again specifying "Run" from the
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"Operate" menu. After a search has been started, it must run to completion (or one must
select "Restart" from the "Operate" menu) before changing any parameters via the "Setup"

menu or opening a new momentum command file.
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Figure 114: Appearance of Status Window After Initialization
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Figure 115: Appearance of Status Window During Search Execution

The topmost window (i.e. the "status" window) continually displays messages that
describe the current operation of the search process. When a new momentum command file
has been opened (or the "Restart" item in "Operate" has been selected), the status window
will display a message such as shown in Fig. 114. This gives the initial gimbal angles, the
CMG Gain (m) of this configuration, and its 3-momentum & magnitude. While the search
is executing, the status window will provide a rolling display of the search progress, as
shown in Fig. 115. At left are shown character string representations of the candidate
gimbal trajectories being explored by the search. This characterization was described in
Sec.4.1. A character is drawn for each timestep. A "0" means no null motion added, "+"

nn

or mean maximum null motion added in the positive or negative sense, and ">" or "<"
mean intermediate values of null motion added in the corresponding directions. The
characters are color coded (or grey-scale coded, depending on the setting of the "Grey
Colors" option in the "Graphics" menu) to represent the instantaneous value of CMG gain
at the corresponding gimbal position. A black or blue color (or dark shading) denotes a
high value of CMG gain, thus a desirable gimbal state. A red or pink color (or light
shading) denotes low CMG gain, thus proximity to a singular condition. The terminal node
location is denoted by the exclamation point (!); as can be seen in Fig. 115, many
trajectories don't make it this far, due to the discriminating action of the cost cutoff,

described in Sec. 3.2. If a gimbal trajectory makes it to the terminal node, a few asterisks
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are printed at the right hand side of the trajectory summary. If it is accepted as the "current
best" trajectory, a message is printed (as can be noted at the top of Fig. 115), a beep is
sounded, and the other two windows are updated accordingly with this trajectory's
parameters. The "TRY" item in Fig. 115 shows the current number of expansion steps (i.c.
the total number of nodes that have been opened divided by the number of children per
node). The following three parameters refer to the evaluation of objective components listed
in Eq. 15 for the trailing trajectory node. "MG" refers to the minimum gain, "IC" is the
integrated inverse gain, and "RS" is the accumulated momentum residual. The "CST"
printed here is an evaluation of Eq. 15 for the last node on the trajectory.

These (and many other) parameters are printed for the accepted "best" trajectories in
the lower right "summary" window (the cost listed here includes the average gain
contribution of Eq. 16, which is lacking in the status window's "CST"). The summary
window also rolls up dynamically as new "best" trajectories are accepted (this window,
however, can be scrolled up and down through the "Operate" menu, allowing previous
results to be reviewed). A sample summary window display can be noted in Fig. 113. The
contents of the graphics window are updated to reflect the trajectory that is portrayed at the
bottom of the summary window.

The trial trajectories run at the start of the search are appropriately labeled in the
status window. During the execution of these trials, already opened nodes in the tree may
be re-visited, and a message "ATTEMPT TO OPEN CLOSED NODE" will be printed (see

Fig. 113). This message is provided only for informational purposes, and does not reflect

an error.
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Figure 116: Appearance of the Status Window at the Search Conclusion

Fig. 116 shows the appearance of the status window when a search concludes. The
"TOO MANY STEPS" message is the typical final remark; i.e. the search has experienced
the maximum number of node-expand steps that was allowed. If this limit is set higher,
another message might be shown, indicating that the program has run out of node storage.

In either case, the search is halted, the best solution found is displayed, and the system waits
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for a keyboard prompt. This can be a bit confusing, since mouse clicks are ignored here; a
carriage return is necessary to continue program execution. If a "Y" is typed before hitting
return, a rapid summary of the parameters for each node in the final "best" trajectory is
typed into the status window. As this is a quickly rolling display, one is advised to employ

AS and AQ to halt and restart the printout at interesting points.
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Figure 117: Appearance of the Status Window During a Step Dump

An option can be selected under the "Setup" menu ("Type Progress"), that causes a
step-by-step dump of parameters to be typed in the status window (at each node expansion).
Such a display is shown in Fig. 117 (this is the dump for the last node of a trajectory, thus
the "New Branch Selected" message). This display can be stepped at each node (thereby
avoiding frantic text rolling) by selecting the "Step-by-Step" option; the system will then
wait for a character to be typed before scrolling to the next expansion.

While it is executing, CMG Search updates a set of files in the mandatory "Dumps"
folder, as shown in Fig. 118. The files "No Null.Data", "Grdient.Data", and
"Cornick.Data" are summaries of the corresponding trial trajectories.  The file
"TrjDump.Data" is a summary of the best trajectory found by the search (this file is written
at the end of the search execution, after the prompt in Fig. 116 has been answered). Other
trajectories may be saved during search execution by the "Save Trj." and "Save Last"
options under the "Operate" menu (these files don't have to reside in the "Dumps" folder).

These trajectory summary files can be opened directly by the "Disturbance"
application for subsequent analysis. They can also be read by a spreadsheet or graphing
program for off-line plotting, if desired. All data is tab delimited. The first 7 records of
these files contain configuration and parameter information used to initialize "Disturbance".
If one is plotting this data via another program, these records should be deleted. The
remaining records give data for all nodes on the trajectory (one record per node), from the
start node down through the terminal node. For the interest of the experimenter, I'll list the
variables in these records. In order, they are: Node number, Timestep, # of children,
Gimbal sign pattern for null motion (used to resolve sign ambiguities in "Disturbance"),
Null index, Net null amplitude (k), CMG Gain (m), Minimum CMG gain encountered
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thus far, Integrated momentum residual, Integrated gimbal rate over maximum, Saturation
index, Objective value (Eq. 15), Gimbal angles (Degs; one for each CMG [4 assumed]),
Gimbal rates (Deg/sec; one for each CMG [4 assumed]), Components of net stored CMG
momentum (3 values), Components of momentum command for current timestep (3 values),

Components of torque command for current timestep (3 values).
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Figure 118: Standard Contents of the "Dumps" Folder

CMG Search also writes two additional files into the "Dumps" folder. These are
"StepDump.Data" (which used to be a running step-by-step summary, but now is empty; an
obsolete file) and "BestDump.Data", which holds a summary of the "Best" trajectory's
evolution during the search execution. Each record summarizes the parameters of
successive "Best" trajectories. This file is quite handy, and was used to generate summary
plots such as in Fig. 39 (which plotted various parameters against the number of search
expands). There are no annoying initialization records at the beginning of these files, thus
there's no need to delete anything before plotting this data in a spreadsheet or graphing
program. All data entries refer to values calculated across the gimbal trajectories (evaluated
at the terminal node). The record format is somewhat different than the trajectory dumps
listed previously, so I'll call it out separately here. Again, in order, the variables are:
Trajectory index, Number of trajectory "grafts" thus far attempted, Number of nodes thus
far created (minus 1), Number of search expands performed, Number of nodes thus far
created, CPU ticks elapsed since last "best" trajectory, Sum of integer null motion across
trajectory, Minimum CMG gain over trajectory, Integrated inverse CMG Gain, Integrated

momentum residual, Objective value of terminal node (Eq. 16), Saturation index at terminal
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node, Peak gimbal rate experienced across trajectory (deg/sec), Integrated gimbal rate over
maximum, Average CMG gain over trajectory. Needless to say, the "BestDump.Data" files

can not be successfully read by the "Disturbance" application.
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Figure 119: "File" Menu for "CMG Search"

Figure 119 shows the "File" menu for CMG Search. This menu is entirely
conventional; "Open" brings up a dialog box to select a momentum command file, and
"Quit" exits to the Finder.
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Figure 120: "Edit" Menu for "CMG Search"

Figure 120 shows the "Edit" menu for CMG Search. The only selectable option
here is "Copy", which puts the current contents of the graphics window into the clipboard.
The graphic information is copied as a PICT object, and can thus be pasted into a variety of
applications and edited, printed, etc. (this is where the plots of Chapter 4 came from).

Figure 121 shows the "Setup" menu. These options configure and mode the search
operation. The top 3 items are mainly of diagnostic interest, and can be selected/deselected
any time the application is in "Pause" mode (a checkmark is drawn if the items are active).
"Type Progress" will print a summary in the status window (as shown in Fig. 117) with
each new node expansion. "Step-by-Step" will cause the search to wait for keyboard input
after each node is expanded; this avoids a quickly rolling display under "Type Progress".
"Check Soln." runs a check on the torque and null motion solutions to insure that they meet
the commanded response; if a disagreement is found, a warning message is printed in the
status window. Such messages can appear when a singularity is approached, due to torque
errors from the SR-Inverse. As one might expect, "Check Soln." appreciably increases the

search execution time. Since it's not generally needed, this option is usually kept off.
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Figure 121: "Setup" menu for "CMG Search"
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The four items in the middle of the "Setup" menu bring up dialog boxes that allow
the user to re-mode the search operation. They can only be selected before a search has
begun. The dialog box associated with the "Search" item is shown in Fig. 122. The values
shown here are the standard defaults used in the tests of Chapter 4.

The first item dictates how the kinematic calculations are performed. If this item is
zero, a singular value decomposition is applied to the CMG Jacobian to form the torque and
null solutions (the number of null vectors is determined automatically from the Jacobian
rank). If this item is positive, an SR-Inverse is performed to calculate the torque solution,
and null vectors are produced from the cross product scheme described in Eq. 10. In this
case, the first item dictates the number of null vectors to be calculated. This is clipped by
the rank of the full-up system (i.e. a 4-CMG ensemble has only 1 excess degree of
freedom, so only one null vector will be calculated).

The second item specifies the number of child nodes per parent (see Fig. 28). The
third item dictates the number of timesteps to "coast over" before making a search decision.
The value of "2" indicates that every other node is eligible for consideration by the search.
The fourth item specifies the number of kinematic integration steps (SR-Inverse and null
motion calculations) per node. The fifth item is the maximum number of search steps (node
expansions) that are attempted before the search quits, as depicted in Fig. 116. Note that
this is not the maximum number of nodes allowed to be created (this is set by the parameter
NNDES [curently = 10,000] in the "Search Header" file, thus the application must be re-
compiled if it is changed). The sixth item is the number of candidate trajectories
(propagated all the way to the terminal node) to encounter before quitting the search. The
seventh item is a flag to toggle search strategies; a zero selects the depth-first operation
discussed in Chapter 3, and used in this study. A one will produce a directed, breadth-first
search in the style of A*. Intermediate values will select a hybrid strategy somewhere
between (this variable is a multiplier on the global objective in the local-vs.-global cost
comparison; when set to unity, local gradient expansions are abandoned if a better cost open
node exists elsewhere on the tree, yielding a breadth-first search having the properties of
A*). The eighth item is the fraction of the peak gimbal rate that the CMGs will be driven to
under maximum null motion (1 in Fig. 28).

The lower three items in Fig. 122 define the operation of the SR-Inverse. The first
of these items defines the maximum CMG gain at which the SR contribution will become
active. The middle item is the scale on the SR weighting p (see Eq. 13). The last item is the
maximum allowed SR contribution. These factors were discussed in Sec. 4.1.

The "Objective" item under the "Setup" menu brings up the dialog box shown in

Fig. 123, which allows one to set the various weightings on the objective function. Again,
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default values are shown, as used in the simulations of Chapter 4. Referring to Egs. 15 &
16, the first item is W, the second item is W, the third item is W, the fifth item is W3, the
sixth item is Wy, and the seventh item is Ws. The fourth term is a weighting on the
instantaneous value of CMG Gain (thus does not integrate the effects of the preceding
nodes on the trajectory). It thus introduces a bias in favor of the "instantaneous" cost
gradient, where every step is taken to improve to the local CMG gimbal condition. Tests
have indicated that such a local emphasis can appreciably degrade the search performance,
thus this weighting is set to zero. The lower two items define the grid cost, as described in
Eq. 17. Referring to this protocol, the upper item is the factor o, and the lower item is the

time constant y.

Objective Weights

20.00 MMinimum Gain

Integral Gain

1.800 Average Gain
0000 Instantaneous Gain
2.000 Residual

Gimbal Over-rate

5.0000E-D2 Null Penalty

Grid cost attenuation factor

Figure 123: "Objective" Dialog Box

Fig. 124 shows the dialog box that appears in response to the "CMGs" menu item.
The CMG configuration can be adjusted and specified here. The values shown are defaults
used in the calculations of Chapter 4. The first item is an assumed time interval
corresponding to a timestep (as discretized in the input momentum command files). This
quantity plays little role in this software, except as an optional scaling on plots (which wasn't
used in those shown in Chapter 4), and as a normalization on the peak gimbal rate to

determine the maximum allowed CMG gimbal deflection per timestep. The second item is
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the maximum allowed gimbal rate, the third item is the magnitude of the CMG rotor

momentum, and the fourth item is the skew angle of the mounting pyramid (see Fig. 9).

CMG Definition §_|

Time Step (sec.)

57.00 Peak Gbl. Rate (deg/sec)

Rotor Momentum

54.70 Mounting Angle (deg.)

.0ooo Mounting Error

Figure 124: "CMGs" Dialog Box

Initial Gimbal Angles D———n—]

(Degrees)
|—12l].l] | Gimbal #1
|—ﬁl].l]l] | Gimbal #2
| 60.00 | Gimbal #3
| 120.0 | Gimbal #4

Figure 125: "Angles" Dialog Box
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Although the CMGs are always assumed to be mounted in the pyramid fashion, the
mounting symmetry can be broken by specifying a nonzero value for the fifth item. All
CMGs in the array are assumed to be rotated by an equal angle about the central (z) axis
(see Fig. 9, where this interCMG angle is 90°= 360°/4 for the 4-CMG system). This
parameter is an additional angle offset that is added in the midst of the CMG array. For
example, with the 4-CMG array, CMG's 1 and 2 would be 90° apart, as would CMG's 3 and
4. The angle between CMG's 2 and 3, however, would be 90° plus this offset value. This
effectively "splits" the mounting symmetry around the z-axis, and significantly skews the
momentum envelopes and singular states. Although some interesting tests have been run
using this quantity, it is not used in the examples of Chapter 4 (for the sake of
conventionality), thus was kept zero.

Fig. 125 shows the dialog box that is achieved by selecting the "Angles" menu item.
This allows one to set the desired initial gimbal angles (in degrees) for the CMG system.
The default values are all zero (which is a zero momentum state for this mounting protocol).
The values shown in Fig. 125 are an alternate zero momentum state, proposed in Ref. [55]
and used in the examples "Kuro C" and "Kuro D" of Chapter 4. After setting these
parameters (or changing any of the other dialog boxes), the initialization message appears in
the status window (as shown in Fig. 114), displaying the net angular momentum of the
CMG system at the specified gimbal orientation.

Fig. 126 shows the items residing under the "Graphics" menu. This selection
allows one to specify the information displayed/plotted in the graphics window, and specify
the mode of presentation. Like all other menus, these options can only be specified when
the search is paused. Before the search is begun, only one of these items will display a plot;
this is the "H Command" selection, which will show the commanded momentum profile.
The other plots will appear when a complete gimbal trajectory has been created (i.e. the no-
null trial is the first). The plotted data reflects the gimbal trajectory referenced in the lower
position of the summary window. The plot is updated whenever a better trajectory is found
or the summary window is scrolled. An exception may be found in the first two options;
"Tree" and "Plane". These are dynamically updated as the search expands each new node.
A sample "Tree" plot can be seen in Fig. 127. This is a representation of the actual search
tree, with the start node at the bottom, terminal node at top, and null displacement to the right
and left. The color of the plotted nodes indicates their CMG gain (hence optimality), as
mentioned earlier. Due to the exponentially increasing node density, this picture is rapidly
becomes too thick to discern independent branches and nodes at later search levels, thus the
right-left separation is determined very early in the search. Although the information

content is limited, it has aesthetic value. The other dynamically updated plot is produced by
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the "Plane" selection. This is shown in Fig. 128 for the same example as the tree in Fig.
127. Here, the start node is at left, terminal state at right, and null motion extends up and
down. Nodes are drawn as squares, again color coded as before. All null displacements are
equal here (as opposed to the tree, where they decrease logarithmically with branching
index), thus later trajectories will be drawn on top of earlier paths. Some information can be
gleaned regarding regions frequented by the search process, however, and the plot does have
some aesthetic value, particularly while it is being drawn; the animation yields insight into
the search dynamics.

The plot labeled "Stability" is the startup default selection, and it produces the
topographic maps used in Sec. 4.2 and defined in Fig. 31. The items in the second batch of
selections are all standard plots, and for the most part self-explanatory (most are used in the

various figures of Chapter 4).

% File Edit Setupmﬂperate Hfer

HHOM ; .0003s .00 Tree A5 : .00124
Plane

COCOCCEDNOONOUEIINNoo S tability XXLLLLLY,
SUMMARY FOR STEF#:
e e — o0 F—

GHIM: 1.18 Gimbal Angles
HHOH : .00ogs . 000 Gimbal Rates
TCCCNCNCNCNOONCNCE] Gain T,
Mull Motion
Minors
Minor Flips
Saturation
Momentum
H Command
Residual
5ing. Proj.
Escapability
MTlip
Sec.-5Steps
Check 5cale
+ErE|:_| Colors

HG L0124

Figure 126: "Graphics" Menu for "CMG Search"
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The lower items change the format of plotted data. The "Sec.-Steps" item toggles
the plotted x-axis units & labels between seconds and timestep counts (the latter is used
with all plots presented here). "Check Scale" will produce a dialog box as shown in Fig.
129 every time a new plot is produced. This allows the user to fix the axis scalings as
desired, rather than being forced to adopt the protocol accompanying each plot. "Grey
Colors" changes the color map used to denote the CMG gain values. When this is
unchecked, the colors are used as discussed earlier; i.e. black/blue = high gain (good),
red/pink = low gain (bad). If "Grey Colors" is selected, a checkmark will appear, and the
colors will be coded such that Claris MacDraw II will export an appropriate grey scale to
the clipboard (when the "Color Clipboard" option is deselected in MacDraw); this option
was used to generate the shaded plots presented in Chapter 4. If "Grey Colors" is again
selected, the checkmark will turn to a diamond (as in Fig. 126). In this case, the greyscale
will be set so that a POSTSCRIPT printer or monochrome monitor will deliver appropriate
shadings (dark = good, light = bad).

X then £.Hced

Figure 127: A Typical "Tree" Diagram
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Figure 130 shows the items under the "Operate" menu (this is the way the menu
looks after search has been started). The "Run" and "Pause" items toggle the operation of
the search process on and off. Most menu items are unavailable while a search is running,
thus the search must be paused before anything can be selected or changed. "Restart" will
re-initialize the search logic. This item must be selected to scrap a search before it has
completed and change search or configuration parameters (via the "Setup" menu), or open a

new momentum command file.

X then £.Hced

Figure 128: A Typical "Plane" Diagram
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Plot Limits

H-AXis 1.000 min %1.00 maH

¥Y-HHIis 0000 min 2400 maH

Figure 129: Dialog Box Enabled by "Set Scale"

% File Edit Setup ﬁrapnicsufer
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Figure 130: "Operate" Menu for "CMG Search"

The middle block of items in the "Operate" menu control the scrolling of the
summary window. Normally, the summary window is scrolled down after every new "best"
trajectory is accepted, such that the latest trajectory is at the bottom of the window. When
the search is paused, however, the summary window may be scrolled up and down
trajectory-by-trajectory via these menu items. The plots in the graphics window are also
changed to reflect the bottom trajectory that is displayed in the summary window. By using
these scroll options, one may examine previous trajectories for comparison purposes. If the
summary window contents point to the first or last accepted trajectory, the "Scroll Up" or
"Scroll Down" items are (respectively) made unselectable (as seen in Fig. 130). When the
search is continued (via the "Run" item), the summary window is scrolled to the last
accepted trajectory, and the graphics window accordingly updated.

The bottom items in the "Operate" menu allow the user to save particular trajectory

dumps (in the format described previously) for subsequent analysis by "Disturbance" or a
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plotting application. "Save Trj." writes a file containing the trajectory displayed at the
bottom of the summary window (other trajectories can be selected by scrolling, as
mentioned above). "Save Last" writes a file containing the last trajectory completed by the
search (i.e. the last trajectory that was accompanied by a trio of asterisks "***" in the
summary window; see Fig. 115), thereby allowing analysis of trajectories not necessarily
considered by be "current best". A standard file dialog box appears when these items are
selected, asking for a filename and destination.

The "Xfer" menu is shown in Fig. 131. This allows the user to execute another
routine in the CMG package (or transfer to a user-defined application) without exiting first
to the Finder.

% File #ai Setup  Branbics  Goerais

Momentum Trj.
Disturbances
Other...

Figure 131: "Xfer" Menu for "CMG Search"

CMG Search is currently set up to handle a 4-SGCMG array, and this restriction
can not be altered during runtime. It may be changed, however, by re-compiling the
program with the parameter "NGBLS" in the "Search Header" file (where all the global
variables and constants are defined) set to the number of CMGs desired. This has not been
attempted for a while, thus might be a risky proposition (although the appropriate hooks
should reside in the code). In a similar vein, CMG Search is also hardwired to accept
momentum command files discretized into at most 30 timesteps. This restriction should be
able to be extended by re-compiling with the "Search Header" parameter "NSTTOP" set to
the maximum number of timesteps desired, and the parameter "NSTTP1" set to this value

plus one. Again this has never been actually attempted, so good luck!

A.4) Disturbance

This application reads the trajectory files output from CMG Search, and essentially
applies the implementation logic of Fig. 30. A "local" steering law calculates the
SR-Inverse and null motion at the instantaneous gimbal location. The signed amplitude of
null motion is applied as forecast from the CMG search. "Disturbance" allows the user to
specify a constant secular torque, however, that was not accounted for in the momentum

commands that were answered by the search. "Disturbance" also implements standard
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tangent CMG steering laws for performance comparisons. Several graphical tools are
implemented to analyze differences between search-reference, torque-perturbed, and
tangent-null solutions. This application was employed to generate the results shown in
Sections 4.3 &4 4.

The standard appearance of the Macintosh screen while running "Disturbance" is
given in Fig. 132. Four plots can be seen (in this case, the CMG gain is graphed). The
upper left plot is a "Reference", which arises from the implementation of the feedforward
search solution without adding disturbance torques. A finer integration is generally
performed with the reference than was used in the search (the integration step may be
arbitrarily adjusted, as will be detailed below); this usually has little effect, except in some
cases that closely skirt a singular region. The "Perturbed" results (upper right) arise from
the feedforward null vector applied with the CMGs answering the original command
sequence plus disturbance torque. The numbers plotted above perturbed results give the
disturbance vector ("D:") and initial gimbal angle error vector (A:) used in calculating the
data. The "Original" results (lower left) are calculated by the CMG search (they are taken
directly from the data file). The "Standard" results (lower right) show the response of the
selected tangent null algorithm on this momentum command. The character codes printed

beside the plot title refer to the null algorithm used (see below).

r . - -
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Figure 132: Layout of Macintosh Screen for "Disturbance"
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Certain types of plots (i.e. the error plots or perturbation results) show comparisons
between the reference and perturbed trajectories, thus only one or two plot windows may be
produced, rather than the four shown in Fig. 132.

When the application is first launched, all menu items are unselectable, except for
those under "File". Once a trajectory file is opened, the application pauses to integrate the
solutions forward (a few seconds or so), then the selected plots are produced (initially the

angle errors), and all menu items are made available.

Edit SetUp Graphics Hfer
Open 3E0
Quit %0

Figure 133: "File" Menu for "Disturbance"

Fig. 133 shows the items under the "File" menu. "Open" opens a gimbal trajectory
dump as produced by CMG Search, and "Quit" exits to the Finder.

% File setUp Graphics Hfer
TR
Copy 3*C
Poauta
R T

Figure 134: "Edit" Menu for "Disturbance"

Fig. 134 shows the items under the "Edit" menu. The only relevant option here is
"Copy", which transfers the graphic contents of the selected window to the clipboard as a
collection of PICT objects. These can later be edited in a drawing program, and used for
presentation, as seen in Secs. 4.3 & 4.4. A window may be selected in the standard fashion,
by clicking somewhere in its area. Occasionally, when different windows obscure one
another, and a re-draw is queued by a plot window being brought forward, the plotting
routine can loose track of scale, and the graph can be distorted. In this case, merely close
the troublesome window, then re-select the desired plot from the "Graphics" menu. The
scale difficulty should now be corrected.

167



Hfer

% File Editmﬁraphics
Parameters
Comparison
5B Inverse

S5weep Null Algorithm

Figure 135: "SetUp" Menu for "Disturbance"

Fig. 135 shows the items under the "SetUp" menu. These mode the operation of

the Disturbance application. The first three items bring up dialog boxes. Whenever any of

these options are chosen, the application pauses to update its trajectory calculations.

The dialog box that appears in response to the "Parameters" item is shown in Fig.
136. The operation of the forward trajectory integration may be set here. The values shown

in Fig. 136 are default settings, except for the disturbance torque, which is initially zero in

all three coordinates.

E———— Parameter Settins =——————

Mode: SUD (D)

III PID (# Nullrecs)
# Integration Steps

III 0 = Feedfwd. Null

1 = Angle Perturbation
Momentum Disturbance
(fraction of CMG total)

[ v ]

.0ooon

Min. Angle Err. for
Null Tracking (deg.)

Mull Abort:
0 = No Tracking
1 = Blank Null

2 = Alternate

Initial Angle Error

H awis (deg.
. Min. Gain for
-6000 Feedback Tracking
2 auls
Figure 136: "Parameters" Dialog Box

The "Mode" variable is analogous to the like-named parameter in the setup dialog
for CMG Search (Fig. 122). Torque and null solutions can be calculated via a singular
value decomposition or SR-Inverse (see earlier discussion for details i.e. Fig. 122). This
doesn't have to track the selection made in CMG Search; a different "mode" of calculation

can be performed here if desired. The "Integration Steps" parameters specifies the number
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of integrations to be performed per timestep. The third parameter in this list specifies how
the feedforward trajectory will be implemented. The "0" entry specifies the method of Fig.
30, where the torque and null solutions are calculated locally, and the null amplitude (k) is
fed forward from the search results. This is the conventional approach, and is used in the
results of Sec. 4.4. If this parameter is set to 1, however, a different technique is applied,
where the gimbal angles predicted from the search (interpolated to the higher integration
rate) are first adopted, then modified by an iterated torque solution (SR-inverse or SVD) to
answer the unmodelled disturbance. Although this technique did not perform as well in
tests, it might be adapted to stabilize the feedforward trajectories around singular regions, as
suggested at the end of Sec. 4.4 and Fig. 101. A topic for future endeavor....

The next three parameters represent the components of the unmodelled error. They
are in fractional units of total CMG momentum, and represent the error in the momentum
vector at the terminal state (the momentum error is distributed as a constant torque along the
entire command sequence). This was discussed in detail at the beginning of Sec. 4 4.

The upper right parameter in Fig. 136 is the largest angular divergence (sum of
absolute gimbal angle differences between original and perturbed trajectories) that is
allowed before the null tracking (i.e. adoption of feedforward null amplitudek) is disabled.
When this limit is exceeded, it is assumed that the perturbed trajectory has drifted so far
from the original that the search's predictions have become meaningless. When this occurs,
the strategy selected in the item below is pursued. Three possibilities exist. The first
(coded by "0") abandons the use of null motion, and applies only the torque solution for the
remainder of the trajectory. The second (coded by "1") applies the feedforward null vector,
but doesn't try to match the signs of null gimbal displacements (see below), which can cause
appreciable gimbal jitter when the divergence is high. The third possibility (coded by "2")
will abandon the feedforward search results, and manage null motion through the tangent
CMG steering law that has been selected in the "Comparison" dialog box. In the examples
presented here, the "1" option was always used; this seemed to exhibit the best performance
in evading singular conditions after trouble arose. The other options have interesting
performance as well, but space and time constraints eliminated their description here.
Clearly, this study will benefit from further research into implementation techniques.

Sign matching is an important concept in following the feedforward trajectories, thus
I'll take a moment to describe it here. When exporting a trajectory file, CMG Search
calculates (and writes) a variable at each timestep that describes the sign pattern of gimbal
displacements under "positive" null motion. =~ When "Disturbance" implements the
feedforward null amplitude, an ambiguity can exist between what is defined as "positive"

null motion, especially if the null motion is calculated differently in "Disturbance" than in
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CMG Search (i.e. SVD vs. cross product), or if the gimbals have diverged somewhat from
their reference trajectory. To resolve this, the "positive" sense of null motion is defined at
each step to be the direction in which the sign pattern of positive null gimbal displacements
agrees best with that calculated by the search. This technique has been seen to work quite
well in locking the feedforward null motion to that calculated locally.

The second-last item in the right column of Fig. 136 specifies the initial gimbal
angle error in the "perturbed" implementation. If this is non-zero, the gimbals are moved
from their initial states (using null motion to preserve the net CMG momentum) until they
differ from their starting values by the specified net angle. This option was not used in the
tests of Chapter 4 (it was always zero), but interesting results have been derived by playing
with it; one can exploit this parameter to explore the boundaries of various gimbal closures.

The angular momentum attained at each timestep is subtracted from the desired
value to form the torque command for the following timestep. The momentum residual is
thus feedback compensated. This can be disabled in situations where a singularity is
approached (as mentioned at the end of Chapter 3, feedback compensation of the
momentum errors can lock the CMG system into singular configurations). The last item in
Fig. 136 sets the minimum value of the CMG Gain (m) that is allowed before feedback
tracking is disabled in generating the torque command. The system thus answers input
commands in an open-loop fashion for CMG configurations exhibiting lower values of
CMG gain.

Null Algorithm Settings

0 = No Comparison; 1 = Null Rlgorithm; 2 = Cornick
0 = Track Ref. Trj.; 1 = Track Perturbed Trj.

2000 Null Motion Amplitude

0000 <1 = Undirected Null; *1 = Gradient Null

.0000 Select Gradient Type (0=Tpj,2=Ivg,4=5gn,6=Kur)

(el

6.000 Null Motion gain edponent

Figure 137: "Comparison" Dialog Box

170



Fig. 137 shows that dialog box that appears in response to selection of the
"Comparison" item of the "SetUp" menu. These entries control the properties of the
tangent CMG steering law that is implemented. The values shown are defaults, and were
used for the results given in Sec. 4.3. All tangent law calculations are based on code from
Ref. [13]; consult this source for details. The implementation of this code was quickly
accomplished, thus some inaccuracies may exist; beware...

The top item denotes the master strategy chosen. If a "0" is chosen here, no tangent
law is used, and only three plots are shown (the "Standard" plot seen in Fig. 132 is
omitted). This is actually the startup default; this item must be set non-zero for tangent
CMG steering results to be produced. If a "1" is chosen, a null algorithm is pursued, as
configured by the other parameters. If a "2", is picked, a Cornick "unkinking" law is used,
as dictated in Ref. [34], and discussed in Sec. 4.1 (according to the source of Ref. [13],
however, the tangent null implementation of this logic may have difficulty; beware).

The next item selects the source of momentum commands for the tangent steering
law. Ifitis "0", the momentum commands come exactly as output from CMG Search (and
as used in the "Reference" plot). If it is "1", the perturbed momentum commands are
adopted.

The third item specifies a scaling imposed on the calculated null amplitudek .

The fourth item selects whether the sign of null motion is gradient guided. If this
item is "0", no gradient is used in determining the sign. If it is larger than unity, the gradient
calculation specified in the fifth item is applied (these cryptic abbreviations arise from Ref.
[13]).

The sixth item is the power that the CMG gain (m) will be raised to before scaling

the null motion amplitude (see discussion in Sec. 4.3).

SR Inverse Settings

Minimum Gain for SR Inverse
SR Scaling
-2000 Maximum SR Contribution

Figure 138: "SR Inverse" Dialog Box
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Fig. 138 shows the dialog box that materializes in response to the "SR Inverse" item
on the "SetUp" menu. This allows one to mode the characteristics of the SR Inverse.
These parameters correspond exactly to those at the bottom of Fig. 122, hence were
discussed earlier. They should be set exactly as used in CMG Search to insure proper
trajectory tracking.

The lower parameter in the "SetUp" menu of Fig. 135, "Sweep Null Algorithm",
enables additional analysis to be performed on the selected tangent steering law. When this
option is chosen, both the "Reference" and "Perturbed" results plotted on the Macintosh
screen will be derived from the tangent steering law, and not the feedforward null motion
from CMG Search. The major utility of this option is associated with the perturbation
sensitivity plots that can be summoned up under the "Graphics" menu; these plots will now
summarize the behavior of the tangent steering law when subject to the selected disturbance
torques. After "Sweep Null Algorithm" has been chosen, the "SetUp" menu changes, as
shown in Fig. 139. The item "Sweep FeedFwd. Trj." now appears at the bottom of the
menu list, and must be selected to restore the analysis of the feedforward trajectories from
CMG Search.

% File Editmﬁraphics Hfer

Parameters
Comparison
5B Inverse

Sweep FeedFwd. Trj.

Figure 139:Appearance of "SetUp" Menu after "Sweep Null Algorithm" Selected

Fig. 140 shows the multitude of items available under the "Graphics" menu. The
top three groups of options specify data that can be plotted. The third group offers the
largest selection, and the plotted quantities are analogous to those that can be graphed in
CMG Search. These selections will produce a group of plots as in Fig. 132, where the
selected quantity is plotted in a separate window for each situation.

The top pair of items produce the "Error" plots, as given in Sec. 4.4. These plot
differences in the selected quantity between reference and perturbed trajectories at each
timestep, and show how the divergence develops with time. The first item, "Angle Errors",
produces two plots. One shows the absolute difference (|reference - perturbed|) in gimbal

angles for each CMG. The other plots the sum of these absolute differences over all CMGs
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(such plots were included in the results of Sec. 4.4). The second item in this list produces a
single plot that shows the difference in CMG gain (perturbed - reference) for each timestep.
Even when run with zero disturbance, these plots can show some small transient divergences
(generally during applied null motion) due to the finer integration performed in
"Disturbance" (vs. CMG Search).
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Figure 140: "Graphics" Menu for "Disturbance"

The second pair of items produce plots that show the sensitivity of the gimbal
trajectories to the magnitude of the applied perturbation. The top item in this list will plot
the average net angle error (sum of absolute angle differences averaged over all timesteps)
experienced by a gimbal trajectory as a function of the relative magnitude of the applied
perturbation. The lower item in this list plots the objective change (perturbed - reference)
[Eq. 16, but without residual, overrate, and null terms, from Eq. 15] as a function of the

relative magnitude of the applied perturbation. When either these items is selected, 11
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complete trajectories will be calculated, with torque perturbations in the direction selected via
Fig. 136, but with magnitudes ranging from zero to full (as specified in Fig. 136). The
scale on these plots thus ranges from O to 1, and defines the fraction of the full-scale
disturbance that was applied during the trajectory. These plots are very useful indicators of
trajectory sensitivity to applied disturbances, and are presented with the results of Sec. 4 .4.

In addition to showing the sensitivity to applied torque shifts, these plots can also
show the sensitivity to changes in initial CMG angles. If a nonzero initial angle difference
is entered into the dialog of Fig. 136, the angle error will be varied (from zero to full-scale)
with the applied perturbation.

When a sensitivity plot is selected for the first time, the system will pause while
calculating the associated ten trajectories. This will cause a brief delay. The calculation
progress can be tracked, however, since the cursor will briefly flash after each trajectory is
finished.

The bottom set of items in Fig. 140 determine the plot appearance. The "Small
Plots" option is selected as the default, and produces small plot windows (as in Fig. 132)
that can be tiled easily, 4 to a Mac II screen. If "Small Plots" is deselected, larger plots are
produced, with overlapping windows. The larger plots may have some benefit in size and
resolution when copied onto the clipboard and pasted into a drawing program. "Sec.-Steps"
and "Check Scale" have the same effect as discussed in Sec. A.3. "Sec.-Steps" will toggle
the x-axis scaling between "seconds" and "timesteps", using the normalizations specified in
CMG Search. "Check Scale" will display the dialog box of Fig. 129, allowing the user to
specify the axis scaling before each plot is drawn. "Grey Colors" has no meaning in this

application, since all graphics are monochrome. It is therefore always unselectable.

Fig. 141 shows the "Xfer" menu. It provides a convenient means of transferring to

other applications without exiting first to the Finder.

% File Edit SetUp Graphics

CMG Search
Define H
Other...

Figure 141: "Xfer" Menu for "Disturbance"
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